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This paper is concerned with the quantitative homogenization 
of 2m-order elliptic systems with bounded measurable, 
rapidly oscillating periodic coefficients. We establish the sharp 
O(ε) convergence rate in Wm−1,p0 with p0 = 2d

d−1 in a 
bounded Lipschitz domain in Rd as well as the uniform large-
scale interior Cm−1,1 estimate. With additional smoothness 
assumptions, the uniform interior Cm−1,1, Wm,p and Cm−1,α

estimates are also obtained. As applications of the regularity 
estimates, we establish asymptotic expansions for fundamental 
solutions.
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1. Introduction

Let Ω be a bounded Lipschitz domain in Rd. Consider the Dirichlet problem for a 
family of 2m-order elliptic systems{

Lεuε = f in Ω,

T r(Dγuε) = gγ on ∂Ω for 0 ≤ |γ| ≤ m− 1,
(1.1)

where

(Lεuε)i = (−1)m
∑

|α|=|β|=m

Dα
(
Aαβ

ij

(x
ε

)
Dβuεj

)
, 1 ≤ i, j ≤ n,

uεj denotes the j-th component of the Rn-valued function uε, α, β, γ are multi-indices 
with nonnegative integer components αk, βk, γk, k = 1, 2, . . . , d, and

|α| =
d∑

k=1

αk, Dα = Dα1
x1
Dα2

x2
· · ·Dαd

xd
.

We assume that the coefficients matrix A(y) = (Aαβ
ij (y)) is real, bounded measurable 

with

‖Aαβ
ij ‖L∞(Rd) ≤

1
μ
, (1.2)

and satisfies the coercivity condition

∑
|α|=|β|=m

ˆ

Rd

DαφiA
αβ
ij Dβφj ≥ μ

∑
|α|=m

‖Dαφ‖2
L2(Rd) for any φ ∈ C∞

c (Rd;Rn), (1.3)

where μ > 0. We also assume that

Aαβ
ij (y + z) = Aαβ

ij (y) for any y ∈ R
d and z ∈ Z

d. (1.4)

Functions satisfying condition (1.4) will be called 1-periodic. By a linear translation, Zd

in (1.4) may be replaced by any lattice in Rd.
Let WAm,p(∂Ω, Rn) denote the Whitney–Sobolev space of ġ = {gγ}|γ|≤m−1, which is 

the completion of the set of arrays of Rn-valued functions{
{DαG |∂Ω}|α|≤m−1 : G ∈ C∞

c (Rd;Rn)
}
,

with respect to the norm

‖ġ‖WAm,p(∂Ω) =
∑

|α|≤m−1

‖gα‖Lp(∂Ω) +
∑

|α|=m−1

‖∇tangα‖Lp(∂Ω).
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