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We consider the Schrédinger operator —A + V' for negative
potentials V| on open sets with positive first eigenvalue of the
Dirichlet—Laplacian. We show that the spectrum of —A+V is
positive, provided that V' is greater than a negative multiple of
the logarithmic gradient of the solution to the Lane-Emden
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equation —Au = u?~! (for some 1 < ¢ < 2). In this case,
the ground state energy of —A 4 V is greater than the
first eigenvalue of the Dirichlet-Laplacian, up to an explicit
multiplicative factor. This is achieved by means of suitable
Hardy-type inequalities, that we prove in this paper.

© 2017 Elsevier Inc. All rights reserved.

* Corresponding author.

E-mail addresses: lorenzo.brasco@Qunife.it (L. Brasco), franzina@mat.uniromal.it (G. Franzina),
berardo.ruffini@umontpellier.fr (B. Ruffini).

https://doi.org/10.1016/j.jfa.2017.10.005

0022-1236/© 2017 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jfa.2017.10.005
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:lorenzo.brasco@unife.it
mailto:franzina@mat.uniroma1.it
mailto:berardo.ruffini@umontpellier.fr
https://doi.org/10.1016/j.jfa.2017.10.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2017.10.005&domain=pdf

1826 L. Brasco et al. / Journal of Functional Analysis 274 (2018) 1825-1863

Contents
1. Introduction . . . ... . ... 1826
1.1, Foreword . . . ... ... 1826
1.2, Aim of the paper . . ... . ... 1828
1.3. Mainresults . . ... ... 1829
1.4. Plan of the paper . . . . . ... 1830
2. Preliminaries . . . . ... 1831
2.1, Notation . . ... e 1831
2.2.  Lane-Emden densities: bounded sets. . .. ......... ... ... .. . L ... 1832
2.3. Lane-Emden densities: general sets. . . . ......... ... .. ... .. . . .o L. 1834
3. Hardy-Lane-Emden inequalities. . . . ... ... .. ... ... . .. 1836
4.  Sobolev embeddings and densities . .. ... ... ... ... . L L L 1839
5. Hardy-Lane-Emden inequalities for sets with positive spectrum. . . ............... 1845
6. Lower bounds for the ground state energy . . ... ...... ... ... . .. ... ... 1846
7. Applications . ... ... 1851
7.1. N-dimensional ball . . . . . ... .. 1851
7.2 Aninfinite slab . . ... 1852
7.3. A rectilinear wave-guide . .. ... ... L 1853
Acknowledgments . ... ... 1857
Appendix A. A local L*° estimate for Lane-Emden densities . . ..................... 1857
References . . . . . .. 1863

1. Introduction
1.1. Foreword

Let V € L% (R") be a real-valued potential such that V' < 0 and let us consider the

loc
Schrédinger operator Hy := —A + V, acting on the domain

D(Hy) = H*RY)n{uc L*RY) : Vue L*(RY)}.

Observe that the hypothesis V € L2 (RY) entails the inclusion

loc
G5 (RY) € D(Hy),

thus D (Hy ) is dense in L?(RY). The operator Hy : D (Hy) — L*(RY) is symmetric and
self-adjoint as well, thanks to the fact that V is real-valued (see [15, Example, p. 68]).
The spectrum of Hy is the set

o(Hv) =R\ p(Hv),

where p(Hy) is the resolvent set of Hy, defined as the collection of real numbers A such
that Hy — A is bijective and its inverse is a bounded linear operator.

A distinguished subset of o(Hy ) is given by the collection of those A such that the
kernel of Hy — A is nontrivial. In this case, the stationary Schridinger equation

Hy u=Au, (1.1)
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