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We study continuous-time (variable speed) random walks 
in random environments on Z

d, d ≥ 2, where, at time t, 
the walk at x jumps across edge (x, y) at time-dependent 
rate at(x, y). The rates, which we assume stationary and 
ergodic with respect to space–time shifts, are symmetric and 
bounded but possibly degenerate in the sense that the total 
jump rate from a vertex may vanish over finite intervals of 
time. We formulate conditions on the environment under 
which the law of diffusively-scaled random walk path tends 
to Brownian motion for almost every sample of the rates. 
The proofs invoke Moser iteration to prove sublinearity of 
the corrector in pointwise sense; a key additional input is 
a conversion of certain weighted energy norms to ordinary 
ones. Our conclusions apply to random walks on dynamical 
bond percolation and interacting particle systems as well 
as to random walks arising from the Helffer–Sjöstrand 
representation of gradient models with certain non-strictly 
convex potentials.
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1. Introduction

1.1. Model and assumptions

The aim of this note is to study the long-time behavior of random walks on Z
d, d ≥ 2, 

in a class of dynamical random environments given as a family of non-negative random 
variables

{
at(e) : e ∈ E(Zd), t ∈ R

}
, (1.1)

where E(Zd) denotes the set of (unordered) nearest-neighbor edges of Z
d. For each 

sample of these random variables, referred to as conductances, we consider the continuous 
time Markov chain {Xt : t ≥ 0} on Z

d with the instantaneous generator Lt acting on 
functions f : Zd → R as

Ltf(x) :=
∑

y : |y−x|=1

at(x, y)
[
f(y) − f(x)

]
. (1.2)

The variable at(e) = at(x, y), i.e., the jump rate of the walk across edge e = (x, y) at 
time t, is assumed to obey at(e) ∈ [0, 1] with at(e) = 0 allowed for non-trivial finite 
intervals of time. Our aim is to describe the long-time behavior of such random walks 
and, in particular, to show that their path distribution, scaled diffusively, tends to a 
non-degenerate Brownian motion.

A representative example of the above setting is the variable-speed random walk 
on dynamical bond percolation on Z

d. In this case at(e) is, for each e ∈ E(Zd), an 
independent copy of a stationary continuous-time process on {0, 1} with joint invariant 
distribution (product) Bernoulli(p) for some prescribed p ∈ (0, 1). We interpret at(e) = 1
as the event that edge e is occupied at time t and at(e) = 0 as the event that edge e

is vacant. The random walk then jumps at rate 1 across edges incident with its current 
position that are occupied at that instant of time. When the site where the walk is 
located has no incident occupied edges, the walk does not move.

It is clear that some mixing properties of the conductances (1.1) in both space and 
time are required for the desired convergence to Brownian motion to be possible. We 
will work under the following set of technical assumptions:

Assumption 1.1. The family {at(e) : e ∈ E(Zd), t ∈ R} is realized as coordinate pro-
jections on the product space Ω := [0, ∞)R×E(Zd) endowed with the product Borel 
σ-algebra F and the probability distribution denoted by P. In addition, we assume:

(1) t �→ at(e) obeys

at(e) ∈ [0, 1] (1.3)

for each e ∈ E(Zd) and each t ∈ R,
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