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In this work, we provide a unified method for the construction 
of reproducing systems arising from unitary irreducible rep-
resentations of some solvable Lie groups. In contrast to other 
well-known techniques such as the coorbit theory, the general-
ized coorbit theory and other discretization schemes, we make 
no assumption on the integrability or square-integrability of 
the representations of interest. Moreover, our scheme produces 
explicit constructions of frames with precise frame bounds. 
As an illustration of the scope of our results, we highlight 
that a large class of representations which naturally occur in 
wavelet theory and time–frequency analysis is handled by our 
scheme. For example, the affine group, the generalized Heisen-
berg groups, the shearlet groups, solvable extensions of vector 
groups and various solvable extensions of non-commutative 
nilpotent Lie groups are a few examples of groups whose irre-
ducible representations are handled by our method. The class 
of representations studied in this work is described as fol-
lows. Let G be a simply connected, connected, completely 
solvable Lie group with Lie algebra g = p + m. Next, let 
π be an infinite-dimensional unitary irreducible representa-
tion of G obtained by inducing a character from a closed 
normal subgroup P = exp p of G. Additionally, we assume 
that G = P � M , M = expm is a closed subgroup of G, 
dμM is a fixed Haar measure on the solvable Lie group M
and there exists a linear functional λ ∈ p∗ such that the 
representation π = πλ = indG

P (χλ) is realized as acting 
in L2 (M,dμM ). Making no assumption on the integrability 
of πλ, we describe explicitly a discrete subset Γ of G and a 
vector f ∈ L2 (M,dμM ) such that πλ (Γ) f is a tight frame for 
L2 (M,dμM ). We also construct compactly supported smooth 

E-mail address: voussa@bridgew.edu.

http://dx.doi.org/10.1016/j.jfa.2017.07.009
0022-1236/© 2017 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jfa.2017.07.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:voussa@bridgew.edu
http://dx.doi.org/10.1016/j.jfa.2017.07.009


JID:YJFAN AID:7841 /FLA [m1L; v1.221; Prn:1/08/2017; 16:27] P.2 (1-53)
2 V. Oussa / Journal of Functional Analysis ••• (••••) •••–•••

functions s and discrete subsets Γ ⊂ G such that πλ (Γ) s is a 
frame for L2 (M,dμM ).
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1. Introduction and preliminaries

Let G be a locally compact group, and let π be a strongly continuous unitary irre-
ducible representation of G acting in an infinite-dimensional Hilbert space Hπ. Next, let 
Γ be a discrete subset of G and fix f ∈ Hπ. We say that {π (γ) f : γ ∈ Γ} is a frame for 
Hπ if there exist positive constants a ≤ b (frame bounds) such that

a ‖h‖2
Hπ

≤
∑
γ∈Γ

∣∣〈h,π(γ)f〉Hπ

∣∣2 ≤ b ‖h‖2
Hπ

for any vector h in Hπ. The frame operator S is defined as

Sh =
∑
γ∈Γ

〈h,π(γ)f〉Hπ
π(γ)f (h ∈ Hπ)

and if {π (γ) f : γ ∈ Γ} is a frame for Hπ then S is invertible and every vector h in Hπ

admits the expansion

h =
∑
γ∈Γ

〈
h, S−1π (γ) f

〉
Hπ

π (γ) f

with convergence in the norm of Hπ. If a = b then {π (γ) f : γ ∈ Γ} is called a tight 
frame and every vector h ∈ Hπ admits the simpler series expansion

h =
∑
γ∈Γ

〈
h,π (γ) f√

a

〉
Hπ

π (γ) f√
a
.
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