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1. Introduction

Let ¢ be an integer and M7 denote the space of Siegel modular forms of weight
¢ and degree 2 on Spy(Z)(C My(Z)) and by S7 the subspace of cusp forms. These
are holomorphic functions defined on the Siegel upperhalf space Ho which consists of
complex symmetric matrices Z € My(C) whose imaginary part is positive-definite. If we

* Corresponding author.
E-mail addresses: pramatha@iisc.ac.in (P. Anamby), soumya@iisc.ac.in (S. Das).

https://doi.org/10.1016/j.jnt.2018.03.011
0022-314X/© 2018 Elsevier Inc. All rights reserved.


https://doi.org/10.1016/j.jnt.2018.03.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:pramatha@iisc.ac.in
mailto:soumya@iisc.ac.in
https://doi.org/10.1016/j.jnt.2018.03.011
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2018.03.011&domain=pdf

290 P. Anamby, S. Das / Journal of Number Theory 191 (2018) 289-304

write such a Z = ( %), then F|.,— := F((S TO, )) is a modular form in 7 and 7/ (see [3]
for more details) with weight ¢, which we call the pullback of F' to H x H.

The study of pullbacks of automorphic forms has a rich history, see eg., [1], [6], [7],
[12]. In the context of Siegel modular forms, there are conjectures of Ikeda [7] relating
such pullabacks to central values of L-functions. As an example, the Gross—Prasad con-
jecture would relate pullbacks of Siegel cusp forms of degree 2 to central critical values of
L-functions for GSp(2) x GL(2) x GL(2). Ichino’s beautiful result [6] studies this question
for the Saito—Kurokawa (SK from now on) lifts of elliptic modular forms. Following the
above notation, let us write F|.—o = > €g,,4,91(7)g2(7’) (see also [12]), where g;
runs over a Hecke basis of Sy, the space of elliptic cusp forms on SLg(Z). Then Ichino
proves that if F' = F}; is the SK-lift of g € Sa¢—» in the above, only the diagonal survives
and |cg, 4, | is essentially given by the central value L(1/2,sym?g; X g).

It was moreover observed in [12] that comparison of the (normalised) norm of Fj; with
the norm of its pullback provides a measure of the non-vanishing of the latter on average
over the ‘projection’ of F,|.—o along g1 X g1, as g1 € Sa¢—_o varies. By a formula (see
(1.2)) in [12], this also provides a measure of density of F' along F'|,—o (see [12, (1.13)]).
This is made more precise in the next paragraph. We now make a change of notation,
and use 2k for the weight 2¢ — 2, in conformity to the afore-mentioned papers on the
topic.

For an odd integer k > 0, let g € S, be a normalized Hecke eigenform for SLy(Z).
Denote the Saito-Kurokawa lift of g by F; € S7,,. Let us define the quantity

N(Fy) := o (Fylamo, Fylamo) /55 (Fy Fy) s (L.1)

where v; = vol.(SL2(Z)\H) and vy = vol.(Spy(Z)\Hz). Here (Fy|.—¢, Fy|.—0) denotes
the Petersson norm of Fy|,—o on SLy(Z)\H x SL2(Z)\H (see section 2 for more details).

Let Byy1 denote the Hecke basis for Sii1. Now Ichino’s formula [6] immediately
implies the following identity which was shown in [12]:

N(Fy) = ~ (L(3/2,9)L(1,sym?g)) " - %

1
15 L(_7Sym2f X g)' (12)
fE€Bk41
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It is this quantity N(Fj) that we are concerned with in this paper and we refer this
quantity as the mass of the pullback of the Saito—Kurokawa lift. Let us recall that as
a special case of conjectures of [2], Liu and Young in [12] conjectured that N(Fj) ~ 2
as k — oo, and proved it on average over the family g € Bo, and K < k < 2K. In
[1] a stronger asymptotic formula was obtained by considering only the smaller family
g € Baj. Their result says that there exists some 1 > 0 such that

2;3 - > N(Fy)=2+0(k™"). (1.3)
g€ DBay
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