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An integer of the form P8(x) = 3x2 − 2x for some integer 
x is called a generalized octagonal number. A quaternary 
sum Φa,b,c,d(x, y, z, t) = aP8(x) + bP8(y) + cP8(z) + dP8(t)
of generalized octagonal numbers is called universal if 
Φa,b,c,d(x, y, z, t) = n has an integer solution x, y, z, t for any 
positive integer n. In this article, we show that if a = 1 and 
(b, c, d) = (1, 3, 3), (1, 3, 6), (2, 3, 6), (2, 3, 7) or (2, 3, 9), then 
Φa,b,c,d(x, y, z, t) is universal. These were conjectured by Sun 
in [10]. We also give an effective criterion on the universality 
of an arbitrary sum a1P8(x1) + a2P8(x2) + · · · + akP8(xk) of 
generalized octagonal numbers, which is a generalization of 
“15-theorem” of Conway and Schneeberger.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

The famous Lagrange’s four square theorem states that every positive integer can 
be written as a sum of at most four integral squares. Motivated by Lagrange’s four 
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square theorem, Ramanujan provided a list of 55 candidates of diagonal quaternary 
quadratic forms that represent all positive integers. In [4], Dickson pointed out that 
the quaternary form x2 + 2y2 + 5z2 + 5t2 that is included in Ramanujan’s list repre-
sents all positive integers except 15 and confirmed that Ramanujan’s assertion for all 
the other 54 forms is true. A positive-definite integral quadratic form is called universal
if it represents all non-negative integers. The problem on determining all universal qua-
ternary forms was completed by Conway and Schneeberger. They proved that there are 
exactly 204 universal quaternary quadratic forms. Furthermore, they proved the so called 
“15-theorem”, which states that every positive-definite integral quadratic form that rep-
resents 1, 2, 3, 5, 6, 7, 10, 14 and 15 is, in fact, universal, irrespective of its rank (see [1]). 
Recently, Bhargava and Hanke [2] proved the so-called, “290-theorem”, which states that 
every positive-definite integer-valued quadratic form is universal if it represents

1, 2, 3, 5, 6, 7, 10, 13, 14, 15, 17, 19, 21, 22, 23, 26, 29,
30, 31, 34, 35, 37, 42, 58, 93, 110, 145, 203, and 290.

Here a quadratic form f(x1, x2, . . . , xn) =
∑

1�i,j�n aijxixj (aij = aji) is called integral
if aij ∈ Z for any i, j, and is called integer-valued if aii ∈ Z and aij +aji ∈ Z for any i, j.

In general, a polygonal number of order m (or an m-gonal number) for m � 3 is 
defined by

Pm(x) = (m− 2)x2 − (m− 4)x
2

for some non-negative integer x. If we admit that x is a negative integer, then Pm(x)
is called a generalized polygonal number of order m (or a generalized m-gonal number). 
Then, Lagrange’s four square theorem implies that the diophantine equation

P4(x) + P4(y) + P4(z) + P4(t) = n

has an integer solution x, y, z and t, for any non-negative integer n.
Recently, Sun in [10] proved that every positive integer can be written as a sum 

of four generalized octagonal numbers, which is also considered as a generalization of 
Lagrange’s four square theorem. He also defined that for positive integers a � b �
c � d, a quaternary sum aP8(x) + bP8(y) + cP8(z) + dP8(t) (simply, Φa,b,c,d(x, y, z, t)) of 
generalized octagonal numbers is universal over Z if the diophantine equation

Φa,b,c,d(x, y, z, t) = aP8(x) + bP8(y) + cP8(z) + dP8(t) = n

has an integer solution for any non-negative integer n. Then, he showed that if Φa,b,c,d

is universal over Z, then a = 1, and (b, c, d) is one of the following 40 triples:
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