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Consider the linear congruence equation

as
1x1 + . . . + as

kxk ≡ b (mod ns) where ai, b ∈ Z, s ∈ N.

Denote by (a, b)s the largest ls ∈ N which divides a and b
simultaneously. Given ti|n, we seek solutions 〈x1, . . . , xk〉 ∈
Zk for this linear congruence with the restrictions (xi, ns)s =
tsi . Bibak et al. [2] considered the above linear congruence 
with s = 1 and gave a formula for the number of solutions 
in terms of the Ramanujan sums. In this paper, we derive a 
formula for the number of solutions of the above congruence 
for arbitrary s ∈ N which involves the generalized Ramanujan 
sums defined by E. Cohen [5].
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1. Introduction

Let ai, b ∈ Z for i = 1, . . . k and n, s ∈ N. Consider the linear congruence equation

as1x1 + . . . + askxk ≡ b (mod ns). (1)

Such equations were considered by many authors who attempted to find either their 
solutions or the number of solutions. For the case s = 1, such an attempt was made by 
D.N. Lehmer [9] who proved that

Theorem 1.1. Let a1, . . . , ak, b, n ∈ Z, n ≥ 1. The linear congruence equation

a1x1 + . . . + akxk ≡ b (mod n)

has a solution 〈x1, . . . , xn〉 ∈ Zk
n if and only if l|b where l is the gcd of a1, . . . , ak, n. 

Furthermore, if this condition is satisfied, then there are lnk−1 solutions.

Later the focus was shifted to solving the above type of congruence equations with 
some extra restrictions on the solutions xi. One such restriction is requiring that the 
solutions should satisfy gcd(xi, n) = ti (1 ≤ i ≤ k) where ti are given positive divisors 
of n. A linear congruence with such restrictions is called to be a restricted linear congru-
ence. These kind of restricted congruences were tried to solve by many authors some of 
which were special cases of the problem we are going to solve here. With ai = s = 1 and 
restrictions (xi, n) = 1, Rademacher [17] and Brauer [4] independently gave a formula 
for the number of solutions Nn(k, b) of the congruence. An equivalent formula involving 
the Ramanujan sums was proved by Nicol and Vandiver [16], and E. Cohen [6]. The 
number of solutions given by them is

Nn(k, b) = 1
n

∑
d|n

cd(b)
(
cn

(n
d

))k

(2)

where cr(n) denote the usual Ramanujan sum.
The restricted congruence (1) (with s = 1) and their solutions has found interest-

ing applications in various fields including number theory, cryptography, combinatorics, 
computer science etc. Liskovets defined a multivariate arithmetic function in [10]. The 
special case of our restricted congruence problem with b = 0 and ai = s = 1 is related to 
this multivariate function. This function has many combinatorial as well as topological 
applications. In computer science, the restricted congruence problem has applications in 
studying universal hashing (see Bibak et al. [3]).

In [1] Bibak et al. considered the linear congruence (1) taking ai = s = 1 and the 
restrictions (xi, n) = ti where ti are given positive divisors of n. This was later generalized 
for an arbitrary s with still requiring ai = 1 by K V Namboothiri in [15]. It was proved 
there that
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