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We continue our study of a basic but seemingly intractable
problem in integer partition theory, namely the conjecture
that p(n) is odd exactly 50% of the time. Here, we greatly
extend on our previous paper by providing a doubly-indexed,
infinite framework of conjectural identities modulo 2, and
show how to, in principle, prove each such identity. However,
our conjecture remains open in full generality.
A striking consequence is that, under suitable existence con-
ditions, if any t-multipartition function is odd with positive
density and ¢ Z 0 (mod 3), then p(n) is also odd with positive
density. These are all facts that appear virtually impossible
to show unconditionally today.
Our arguments employ a combination of algebraic and
analytic methods, including certain technical tools recently
developed by Radu in his study of the parity of the Fourier
coefficients of modular forms.
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1. Introduction

Let p(n) denote the number of partitions of a nonnegative integer n, where a partition
of n is an unordered set of positive integers that sum to n. It is well known that the
generating function of p(n) is
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2 Pmd" = ey

For any positive integer ¢, define p;(n) by
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Hence, p:(n) denotes the number of t-multipartitions (also called t-colored partitions)
of n. In particular, p;(n) = p(n).

The goal of this paper is to provide additional insight into the long-standing question
of estimating the density of the odd values of the partition function. As Paul Monsky
once pointedly stated [22], “the best minds of our generation haven’t gotten anywhere
with understanding the parity of p(n).” It is a famous conjecture of Parkin and Shanks
[30] that the even and the odd values of p(n) are equidistributed (see also Section 4
of [26]). Currently, the best result, which has improved on the work of multiple authors
(see for example [1,11,14,25,29]), is due to Bellaiche, Green, and Soundararajan [10] and
for x — oo. In fact, their bound holds for any t-multipartition function p:(n), thus

states that the number of odd values of p(n) for n < x has at least the order of

improving on a result of the second author (cf. [37], which includes an elementary proof
for ¢ = 3). We note that the current record lower bound on the number of even values
of p(n) has the order of v/xloglogz ([11]. Unlike in the odd case, a lower bound of \/z
for the even values is trivial).

We define the density of the odd values of p;(n) in the natural way:

5, = lim #{n <z :p(n) is odd}

T—00 x

if the limit exists. Note that, for obvious parity reasons, it suffices to restrict our attention
to the case of ¢t odd. Given the above bounds, we are still very far from showing that
d; > 0, for any t. In fact, it is not even known at this time that any J; exists.

In [17], in collaboration with Keith, we generalized the conjecture of Parkin and
Shanks (i.e., §1 = 1/2) to every t > 1. Namely:

Conjecture 1.1 (/17], Conjecture 1). The density o, exists and equals 1/2, for any positive

odd integer t. Equivalently, if t = 2Fty with to > 1 odd, then 6, exists and equals 2%~ 1.
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