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Let n and k be nonnegative integers. In 2010, Hou and Ly 
evaluated the first and second moments of the n-th reversed 
Dickson polynomial of the first kind. In 2016, Hong, Qin and 
Zhao presented a recursive formula for the first moment of 
the n-th reversed Dickson polynomial of the second kind. In 
this paper, we introduce a new method to investigate the 
moments of the n-th reversed Dickson polynomial of (k+1)-th 
kind. In fact, we first show an extension of the famous Lucas’ 
congruence and then study arithmetic properties of some two-
variable linear congruences. Finally, with more efforts, we 
arrive at the explicit formulas for the first and second moments 
of the n-th reversed Dickson polynomial of the (k+1)-th kind.
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1. Introduction

Permutation polynomial is an important subject in the area of finite fields and has 
many applications in coding theory, cryptography and combinatorial design theory (see 
[9,13,15] for reviews and [1,10–12] for recent developments). Dickson polynomial is an-
other significant topic of finite fields (see [3,9]). Let n ≥ 0 be an integer and Fq be the 
finite field of characteristic p and with q elements. Let Dn(x, y) ∈ Z[x] be defined by the 
following functional equation

Dn(x + y, xy)) = xn + yn.

Clearly, the well-known Dickson polynomial, denoted by Dn(x, a), and the reversed 
Dickson polynomial, denoted by Dn(a, x), with a ∈ F

∗
q being the parameters, are the 

descendants of Dn(x, y). In the past decade, the reversed Dickson polynomials received 
attentions from many authors. Hou, Mullen, Sellers and Yucas [8] introduced the defini-
tion of the reversed Dickson polynomial of the first kind, denoted by Dn(a, x), as follows

Dn(a, x) :=

[
n
2
]∑

i=0

n

n− i

(
n− i

i

)
(−x)ian−2i,

and Dn(a, x) := 2. Let k ≥ 0 be an integer. To extend the definition of reversed Dick-
son polynomials, Wang and Yucas [14] defined the n-th reversed Dickson polynomial of 
(k + 1)-th kind Dn,k(a, x) ∈ Fq[x], which is defined by

Dn,k(a, x) :=

[
n
2
]∑

i=0

n− ki

n− i

(
n− i

i

)
(−x)ian−2i,

if n ≥ 1, and D0,k(a, x) := 2 − k. It is clear that if char(Fq) = 2, then Dn,k(a, x) =
Dn,1(a, x) if k is odd and Dn,k(a, x) = Dn(a, x) if k is even. So throughout this paper, 
we always assume that p = char(Fq) ≥ 3.

The permutational behavior of Dn,k(a, x) is an interesting topic. Hou, Mullen, Sellers 
and Yucas [8] considered the permutational behavior of reversed Dickson polynomial 
Dn(a, x) of the first kind. In fact, they showed that Dn(a, x) is closely related to almost 
perfect nonlinear functions, and obtained some families of permutation polynomials from 
the reversed Dickson polynomials of the first kind. In [7], Hou and Ly found several 
necessary conditions for the reversed Dickson polynomials Dn(a, x) of the first kind to be 
a permutation polynomial. In 2016, Hong, Qin and Zhao [5] studied the reversed Dickson 
polynomial Dn,1(a, x) of the second kind. In fact, they gave some necessary conditions 
for the reversed Dickson polynomial Dn,1(a, x) to be a permutation polynomial of Fq. It 
is natural to ask the following interesting question: When does Dn,k(a, x) permute the 
finite field Fq? It is hard to answer this problem in general.
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