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A basic result in the elementary theory of continued fractions
says that two real numbers share the same tail in their con-
tinued fraction expansions iff they belong to the same orbit
under the projective action of PGLy Z. This result was first
formulated in Serret’s Cours d’algébre supérieure, so we’ll re-
fer to it as to the Serret theorem.
Notwithstanding the abundance of continued fraction algo-
rithms in the literature, a uniform treatment of the Serret
result seems missing. In this paper we show that there are
finitely many possibilities for the groups ¥ < PGLy Z gener-
ated by the branches of the Gauss maps in a large family of
algorithms, and that each X-equivalence class of reals is parti-
tioned in finitely many tail-equivalence classes, whose number
we bound. Our approach is through the finite-state transduc-
ers that relate Gauss maps to each other. They constitute
opfibrations of the Schreier graphs of the groups, and their
synchronizability—which may or may not hold—assures the
a.e. validity of the Serret theorem.
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1. Introduction

Let «, 8 be irrational numbers, with infinite regular continued fraction expansions
[0,a1,as,...], [0,b1,ba,...], respectively. It is a classical fact that these expansions have
the same tail (i.e., there exists t1,to > 0 such that ay, 4, = biyqn for every n > 1)
if and only if o and 8 are conjugated by an element of the extended modular group
PGLy Z. This result first appeared as §16 of the third edition (1866) of Serret’s Cours
d’algébre supérieure [22], the second edition (1854) making no mention of continued
fractions; easily accessible modern references are [9, §10.11], [14, §9.6], [5, §2.7]. An
equivalent reformulation is that «, 8 (without loss of generality in the real unit interval)
are in the same PGLs Z-orbit iff they have the same eventual orbit under the Gauss map
T:zw 7t
of, say, a is nothing else than its T-symbolic orbit: T¢(a) € [(ar41 + 1)7%, a; ) for
every t > 0. We refer to [6, Chapter 7], [7, Chapter 3] and references therein for the
interpretation of continued fractions in terms of dynamical systems.

— |27t (see Fig. 1 right). The key point here is that the cf. expansion

Besides the regular “Floor” one, a great number of continued fraction algorithms ap-
pear in the literature, the complex of them forming a large passacaglia on the theme of
the euclidean algorithm. As a definitely incomplete list we cite the Ceiling, Nearest Inte-
ger, Even, Odd, Farey fractions [2], the a-fractions [17], [1], and the (a, b)-fractions [13],
not to mention algorithms with coeflicients in rings of algebraic integers and multidimen-
sional continued fractions. Asking for the status of the Serret result for these systems is
then quite natural.

In this paper we give a fairly complete answer for the algorithms in a certain specific
class, namely the class of accelerations of Gauss-type maps arising from finite unimod-
ular partitions of a unimodular interval. After setting notation and stating a few well
known facts, we introduce our class in §2; we provide various explicit examples, showing
that our class, albeit nonexhaustive, contains many important and much studied algo-
rithms. It is a fortunate fact that the validity—or lack of it—of the Serret property is
untouched by the acceleration process, so that we can restrict to “slow” algorithms. In §3
we associate a graph Gr to each such algorithm T, and show that Gr is an opfibration
of the Schreier graph of the group X generated by the branches of T'. The role of 3
is clearly crucial; indeed, if o, § have the same eventual T-orbit then they must neces-
sarily be Y p-equivalent. Thus, the key question becomes “In how many tail-equivalence
classes is partitioned a given Xp-equivalence class?”, the Serret property amounting to
the constant answer “Precisely one”. In §4 we show that the index of each X7 in PGLy Z
is at most 8, so that there are finitely many possibilities for these groups. In §5 we in-
troduce finite-state transducers, and employ them in two ways: in Lemma 5.1 to relate
different algorithms to each other, and in Lemma 5.5 to compute the expansion of a
rational function of « directly from the expansion of «; neither use is new, see [8, §3.5]
for the first and [19], [15] for the second. In Theorem 5.3 we answer the question cited
above: every Yp-equivalence class is partitioned in finitely many tail-equivalence classes,
whose number is bounded by the defect of the algorithm. We also give an explicit cri-
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