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mixed Euler sums and Stirling sums, and present a unified
approach to determining the evaluations of unknown Euler
sums. As a result, we give the values of two Euler sums of
weight 6, six sums of weight 7, twelve sums of weight 8, and
twenty sums of weight 9. Thus, all the Euler sums of weights
MSC: {6,7,9} can be reduced to zeta values, and all the Euler sums
40A25 of weight 8 can be reduced to linear sum S» ¢ and zeta values.
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1. Introduction

The generalized harmonic numbers are defined by

. 1
H()—O and H(r:];k_ forn,r=1,2,....

When r = 1, they reduce to the classical harmonic numbers, denoted as H,, = Hﬁl). Har-
monic numbers are important in various branches of combinatorics and number theory,
and they also frequently appear in the analysis of algorithms and expressions of special
functions.

In response to a letter from Goldbach in 1742, Euler considered sums of the form

B & Hr(bp)

where p and ¢ are positive integers with ¢ > 2 (see Berndt [3, p. 253]). These sums are

called the linear Euler sums today. Euler discovered that in the cases of p = 1, p = g,
p+ ¢ odd, p + g even but with the pair (p, q) being restricted to the set {(2,4), (4,2)},
the linear sums have evaluations in terms of zeta values, i.e., the values of the Riemann
zeta function ((s) = Y ;- , 1/k* at the positive integers. In particular, he proved that

. H, q 1<
[ N (1 —) 1) - - — k).
By specifying the parameter g, various special sums can be computed. For example, we
have
') Hn
Sie=»_ P 4¢(7) — C(3)¢(4) = ¢(2)¢(5) -
n=1

Euler also extrapolated the general formula of S, ; for the case of p + ¢ odd, which was
verified by Borwein et al. [5] in 1995 (see also [19, Theorem 3.1]). A typical example is

o0

S3.4 = = 18¢(7) — 10¢(2)¢(5) -

Different from the linear sums, the nonlinear Fuler sums involve products of at least two
harmonic numbers. As showed by Flajolet and Salvy [19], the linear and nonlinear Euler
sums can be defined in a unified way. Let m = (71,72, ...,7) be a partition of integer
p into k summands, that is, p =7 + 1o+ --- + 7 and 7y < 7y < -+ < 7m,. The Euler
sum of index (7, q) is
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