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1. Introduction

The divisibility properties of the class numbers of number fields are very important for
understanding the structure of the ideal class groups of number fields. For a given integer
n > 1, the Cohen—Lenstra heuristic [3] predicts that a positive proportion of imaginary
quadratic number fields have class number divisible by n. Proving this heuristic seems
out of reach with the current state of knowledge. On the other hand, many families of
(infinitely many) imaginary quadratic fields with class number divisible by n are known.
Most of such families are of the type Q(v/#2 — t7) or of the type Q(v/z2 — 4t"), where x
and t are positive integers with some restrictions (for the former see [1,10,11,13,16-19,22,
24], and for the later see [5,8,9,12,15,23]). Our focus in this article will be on the family
K, = QW ).

In 1922, T. Nagell [18] proved that for an odd integer n, the class number of imaginary
quadratic field K, is divisible by n if ¢ is odd, (t,z) =1, and ¢ | x, ¢*> { = for all prime
divisors g of n. Let b denote the square factor of 2 —t", that is, 22 —t" = b%d, where d < 0
is the square-free part of 22 —#". Under the condition b = 1, N.C. Ankeny and S. Chowla
[1] (resp. M.R. Murty [16, Theorem 1], [17]) considered the family K3 , (resp. K1, Ky ).
M.R. Murty also treated the family K, ; with b < t"/4/23/2 ([16, Theorem 2]). Moreover,
K. Soundararajan [22] (resp. A. Ito [10]) treated the family K , under the condition that
b < /(t" —x2)/(t"/2 — 1) holds (resp. all of prime divisors of b divide d). On the other
hand, T. Nagell [19] (resp. Y. Kishi [13], A. Tto [11] and M. Zhu and T. Wang [24])
studied the family K1 (resp. K3 or, K ox and K or) unconditionally for b, where p is

P
an odd prime. In the present paper, we consider the case when both ¢t and x are odd

primes and b is unconditional and prove the following:

Theorem 1.1. Let n > 3 be an odd integer and p,q be distinct odd primes with ¢*> < p".
Let d be the square-free part of ¢> — p™. Assume that ¢ £ 41 (mod |d|). Moreover, we
assume p™/3 # (2q +1)/3, (¢*> + 2)/3 whenever both d = 1 (mod 4) and 3 | n. Then the
class number of K, , = Q(\/d) is divisible by n.

In Table 1 (respectively Table 2), we list K, , for small values of p,q for n = 3
(respectively for n = 5). It is readily seen from these tables that the assumptions in The-
orem 1.1 hold very often. We can easily prove, by reading modulo 4, that the condition
“pn/3 £ (2g+1)/3,(¢> +2)/3” in Theorem 1.1 holds whenever p = 3 (mod 4). Further,
if we fix an odd prime g, then the condition “q # £1 (mod |d|)” in Theorem 1.1 holds
almost always, and, this can be proved using the celebrated Siegel’s theorem on integral
points on affine curves. More precisely, we prove the following theorem in this direction.

Theorem 1.2. Let n > 3 be an odd integer not divisible by 3. For each odd prime q the
class number of K, 4 is divisible by n for all but finitely many p’s. Furthermore, for each
q there are infinitely many fields K, 4.
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