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In order to answer the numerous questions that arrive from
this conjecture, it is best to consider a semi-group, often
denoted I 4, which arises naturally as a subset of SL2(Z) when

Communicated by S.J. Miller considering finite continued fractions. To translate back from

this semi-group into rational numbers, we select a projection
Keywords: mapping satisfying certain criteria to recover the numerator
Zaremba’s Conjecture and denominator of the continued fractions in rational form.
Hardy-Littlewood Circle Method The central question of our research is to determine the
Continued fractions multiplicity of a given denominator. To this end, we develop

a heuristic method similar to the Hardy—Littlewood Circle
Method. We compare this theoretical model to the exact data,
gleaned by simulation, and demonstrate that our formula
appears to be asymptotically valid. We then evaluate different
aspects of the accuracy of our formula.
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1. Introduction

For any real number « € [0, 1] we may write « as a continued fraction of the form

a=— 1 (1)

az + —
2 as+ .

In this notation, each a; is called a partial quotient, and we will denote « by [a, .. .].
We restrict the possible values of a; to be in some alphabet A C N. It is a well known
fact that rational numbers have finite length continued fractions which are unique if
restricted to an even number of partial quotients.

Zaremba’s Conjecture [Zar72| states that there exists A € N such that for all ¢ € N
there exists a < ¢ that is co-prime to ¢ where % has partial quotients bounded by A.'
Thus, in the case of Zaremba’s conjecture, the alphabet A is simply the set {1,..., A}.

To study this conjecture, we rely upon the observation that, for % =la1,...,an]

4= Ak A ) o

Thus, it is natural to consider the set of matrices

s={; ﬂ}i{ ®

This set can then be used to form all finite length continued fractions with partial
quotients within A= {1,--- , A} by forming

Ty =(S)" NSLy(Z), (4)

where (S)" denotes the semigroup generated by S.
Notice that the restriction imposed by intersecting (S)* with SLy(Z) causes all el-
ements of I'4 to be of an even number of partial quotients; however, as noted before,

L 1t should be noted that Zaremba’s Conjecture has been proven for a density 1 subset of N by Kontorovich
and Bourgain in [BK14].
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