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zeros. In this paper we remove the possibility of vagrant zeros
for L'(s,x) when the conductors are large to some extent.
Then we improve asymptotic formulas for the number of zeros
of L'(s,x) in {s € C : Re(s) > 0,|Im(s)] < T}. We also

Editors establish analogues of Speiser’s theorem, which characterize
the generalized Riemann hypothesis for L(s,x) in terms of

MSC: zeros of L'(s,x), when the conductor is large.
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1. Introduction

Let x be a primitive Dirichlet character modulo ¢ > 1. We denote the Dirichlet
L-function attached to x by L(s, x). In this paper we investigate zeros of L'(s,x), the
first derivative of L(s,x). Previously, Yildirim [8] has investigated zeros of the k-th
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derivative L) (s, x) of L(s, x) for any given k € Z>;. He has shown that L*)(s, x) does
not vanish when Re(s) is sufficiently large. He has also obtained a zero-free region in a left
half-plane. Strictly speaking, for any fixed € > 0 there exists K > 0, which depends only
on k and ¢, such that L) (s, x) has no zeros in {s = o + it : |s| > ¢/, 0 < —¢,|t| > ¢}
Based on the above facts, he classified zeros of L(¥)(s, ) in the following way (see [8, §7]):

o trivial zeros, which are located on {0 +it: o < —¢%, |t| < e},
e vagrant zeros, which are located on {s = o + it : |s| < ¢%,0 < —¢},
« nontrivial zeros, which are located in {o + it : ¢ > —¢}.

Loosely speaking, one of our main results is to remove the possibility of vagrant zeros
for L'(s, x). In order to state it precisely, we put

©(x) = sup{Re(p) : p € C, L(p,x) = 0}.
It is easy to check that the following properties hold:

« 1/2<0(x) <1

« O(X) = 0(x)-
o For each primitive Dirichlet character x, the generalized Riemann hypothesis (GRH,
in short) for L(s, x) is equivalent to ©(x) = 1/2.

The following theorem says that L'(s, x) does not vanish apart from Im(s) = 0 on a left
half-plane:

Theorem 1.1. Let x be a primitive Dirichlet character modulo ¢ > 1. Then L'(s,x) has
no zeros on s € Di(x) UDy(x), where

D) = {otitio < 1-000, I L0 b\ (0e €5 Lipn) = 0)

12
Dy(x) =<0 +it:o < —¢? |t| > .
log |o]|

Remark. The constants 6 and 12 in D;(x) and Da(x) can be replaced by smaller con-
stants. Along with our method proving Theorem 1.1, we expect that D;(x) and Da(x)
are replaced by

{oritioc1-000. 1=\ etz =0 (1)

{0 +it:o<-—1 (1.2)

12 s
© T log(gle])
respectively, where c is a little larger than 7 (see also Remark following the proof of
Theorem 1.1 in §2). However, if we wish to improve Theorem 1.1, it may be better to
use an information on the number of zeros of L'(s,x) on certain strips, which is stated
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