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1. Introduction

Let N be the set of all positive integers. Let a, b, ¢ be fixed coprime positive integers
with min{a, b, ¢} > 1. In 1933, K. Mahler [13] used his p-adic analogue of the Thue-Siegel
method to prove that the ternary purely exponential diophantine equation

a®+vW=c* =z y, z€N (1.1)

has only finitely many solutions (x,y, z). His method is ineffective. An effective result
for solutions of (1.1) was given by A.O. Gel’fond [7]. Let N(a, b, ¢) denote the number of
solutions (x,y, z) of (1.1). As a straightforward consequence of an upper bound for the
number of solutions of binary S-unit equations due to F. Beukers and H.P. Schlickewei [2],
we have N (a,b,c) < 235, In recent years, many papers investigated the exact values of
N(a,b, c). The known results showed that (1.1) has only a few solutions for some special
cases (see [5], [6], [11], [12], [14], [15], [16], [17], [18], [19], [20] and [21]). Very recently, the
authors [8] proved that if a, b, ¢ satisfy certain divisibility conditions and max{a,b, c} is
large enough, then (1.1) has at most one solution (z,y, z) with min{x,y, z} > 1. In this
paper we prove a general result as follows:

Theorem 1.1. If max{a,b,c} > 5 x 1027, then N(a,b,c) < 3.

Notice that if (a,b,¢) = (3,5,2), then (1.1) has exactly three solutions (z,y,z) =
(1,1,3),(3,1,5) and (1,3,7). Perhaps, in general, N(a,b,c) < 3 is the best upper bound
for N(a,b,c).

2. An upper bound for the solutions of (1.1)

In [8], combining a lower bound for linear forms in two logarithms and an upper
bound for the p-adic logarithms due to M. Laurent [9] and Y. Bugeaud [3] respec-
tively, the authors proved that all solutions (x,y,z) of (1.1) satisfy max{z,y,z} <
155000 (log max{a, b, c})?, where log is used for natural logarithm. In this section, us-
ing the same method as in [8], we make a slight improvement as follows:

Theorem 2.1. All solutions (x,y,z) of (1.1) satisfy
max{z,y, 2z} < 6500(log max{a,b,c})>. (2.1)
The proof of Theorem 2.1 depends on the following lemmas.

Lemma 2.1. ([10], Corollaire 2 et Tableau 2) Let aq, as, 81, B2 be positive integers with
min{ay, as} > 2. Further let A = 31 logay — felogas. If A # 0, then

51+ﬂ2

log |A| > —32.31(log a1)(log a2 ) (max{10,0.18 + log(loga ogo
2 1

)H?.
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