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Let F be a totally real algebraic number field, with OF the 
ring of algebraic integers in F , let L be an OF -lattice on a 
d-dimensional (d ≥ 2) positive definite quadratic space V over 
F and let u0 be a primitive vector in L. The main objective 
of this paper is to study when a is a fixed (non-unit) algebraic 
integer in OF and n is a positive rational integer, how the 
class numbers of lattices translation L + u0

an grow as n tends 
to infinity.

© 2017 Published by Elsevier Inc.

1. Introduction

In the arithmetical theory of quadratic forms, the notion of class number can be 
viewed as a measure of the obstruction of the local–global principal for the classical 
representation problem of quadratic forms. Then the computation of class numbers is 
an important problem in this theory. The mass formulae introduced by Minkowski in [2]
and in a better form by Siegel in [5], [6] and [7] give a method for computing the class 
number of quadratic forms.
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In [8], we reformulate Minkowski’s mass formula for quadratic Diophantine equations. 
As an example, we apply this mass formula to calculate class numbers of quadratic 
Diophantine equations. In this paper, we apply this mass formula to study the growth 
of class numbers of certain quadratic Diophantine equations.

Throughout the paper, F will be a totally real algebraic number field with ring of 
algebraic integers OF . Let ΩF be the set of all non-trivial primes on F . Fp will stand for 
the completion of F at a prime p ∈ ΩF . Denote ∞F as the set of all archimedean primes 
on F and p < ∞F for p ∈ ΩF \∞F . If p < ∞F we let OFp

stand for the valuation ring of 
Fp and O×

Fp
for the group of units. We also let qp = |OFp

/(πp)|, the letter πp denotes a 
choice of uniformizer at p < ∞F , and we let ordp refer to the discrete exponential order 
function with ordp(πp) = 1.

The subsequent discussion will be conducted in the geometric language of quadratic 
spaces and lattices, and any unexplained notations and terminologies can be found in [3].

Let V be a non-degenerate quadratic space over F with the symmetric bilinear map

B : V × V −→ F with q(x) = B(x, x)

for any x ∈ V and the special orthogonal group

SO(V ) = {σ ∈ GL(V ) : q(σx) = q(x) for any x ∈ V and detσ = 1}.

Let SOA(V ) and GLA(V ) be the adele group of SO(V ) and GL(V ) respectively.
A lattice L on V is defined as a finitely generated OF -module in V satisfying FL = V . 

We denote the localization of a lattice L in the localization Vp of V at p by Lp for p < ∞F . 
We note that if p ∈ ∞F , then Lp = Vp.

Consider a lattice L on V . For any non-zero vector u0 in V we define the lattice 
translation in V to be the set L + u0. We can always realize a quadratic Diophantine 
equation as being induced from a free lattice translation in some quadratic space (see 
section 1 of [8]).

From Lemma 1.2 of [8], we can define the action of SOA(V ) on L + u0.

Definition 1.1. Let L + u0 be a lattice translation on V . Define

gen+(L + u0) = the orbit of L + u0 under the action of SOA(V )

called the genus of L + u0 and

cls+(L + u0) = the orbit of L + u0 under the action of SO(V )

called the class of L + u0.
The number of classes in gen+(L + u0) is called the class number of L + u0.
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