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Define

Dn(x) =
n∑

k=0

(n
k

)2
xk(x + 1)n−k for n = 0, 1, 2, . . .

and

sn(x) =
n∑

k=1

1
n

(n
k

)( n

k − 1

)
xk−1(x + 1)n−k for n = 1, 2, 3, . . . .

Then Dn(1) is the n-th central Delannoy number Dn, and 
sn(1) is the n-th little Schröder number sn. In this paper we 
obtain some surprising arithmetic properties of Dn(x) and 
sn(x). We show that

1
n

n−1∑
k=0

Dk(x)sk+1(x) ∈ Z[x(x + 1)] for all n = 1, 2, 3, . . . .

Moreover, for any odd prime p and p-adic integer x �≡
0, −1 (mod p), we establish the supercongruence

p−1∑
k=0

Dk(x)sk+1(x) ≡ 0 (mod p2).

✩ Supported by the National Natural Science Foundation of China (grant 11571162).
E-mail address: zwsun@nju.edu.cn.
URL: http://math.nju.edu.cn/~zwsun.

http://dx.doi.org/10.1016/j.jnt.2017.07.011
0022-314X/© 2017 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jnt.2017.07.011
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:zwsun@nju.edu.cn
http://math.nju.edu.cn/~zwsun
http://dx.doi.org/10.1016/j.jnt.2017.07.011


JID:YJNTH AID:5819 /FLA [m1L; v1.221; Prn:8/09/2017; 13:36] P.2 (1-26)
2 Z.-W. Sun / Journal of Number Theory ••• (••••) •••–•••

As an application we confirm Conjecture 5.5 in [S14a], in 
particular we prove that

1
n

n−1∑
k=0

TkMk(−3)n−1−k ∈ Z for all n = 1, 2, 3, . . . ,

where Tk is the k-th central trinomial coefficient and Mk is 
the k-th Motzkin number.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

For m, n ∈ N = {0, 1, 2, . . .}, the Delannoy number

Dm,n :=
∑
k∈N

(
m

k

)(
n

k

)
2k (1.1)

in combinatorics counts lattice paths from (0, 0) to (m, n) in which only east (1, 0), north 
(0, 1), and northeast (1, 1) steps are allowed (cf. R.P. Stanley [St99, p. 185]). The n-th 
central Delannoy number Dn = Dn,n has another well-known expression:

Dn =
n∑

k=0

(
n

k

)(
n + k

k

)
=

n∑
k=0

(
n + k

2k

)(
2k
k

)
. (1.2)

For n ∈ Z+ = {1, 2, 3, . . .}, the n-th little Schröder number is given by

sn :=
n∑

k=1

N(n, k)2k−1 (1.3)

with the Narayana number N(n, k) defined by

N(n, k) := 1
n

(
n

k

)(
n

k − 1

)
∈ Z.

(See [Gr, pp. 268–281] for certain combinatorial interpretations of the Narayana number 
N(n, k) = N(n, n + 1 − k).) For n ∈ N, the n-th large Schröder number is given by

Sn :=
n∑

k=0

(
n

k

)(
n + k

k

)
1

k + 1 =
n∑

k=0

(
n + k

2k

)
Ck, (1.4)

where Ck denotes the Catalan number 
(2k
k

)
/(k+1) =

(2k
k

)
−
( 2k
k+1

)
. It is well known that 

Sn = 2sn for every n = 1, 2, 3, . . . . Both little Schröder numbers and large Schröder num-
bers have many combinatorial interpretations (cf. [St97] and [St99, pp. 178, 239–240]); 
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