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1. Introduction

Let E be an elliptic curve defined over a number field K. Then its Mordell-Weil group
E(K) is finitely generated:

E(K) = E(K)jor x Z"
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For a fixed elliptic E over a field K, the torsion component F(K ), can be calculated
due to the Nagell-Lutz—Cassels theorem [3]. However, if we consider a class of elliptic
curves, it is usually difficult to list exactly all the possible group structures of E(K ).
The following problem is one of this kind.

Problem 1.1. For an integer d > 1, what are the possible group structures of E(K )
with [K : Q] =d?

For d =1, i.e. K = Q, by the work of Kubert [20] and Mazur [23], the torsion group
E(Q)¢or of an elliptic curve E over the rational number field is isomorphic to one of the
following;:

Z/mZ, m=1-10,12;
Z.)27 x Z.]2mZ, m=1-—4.

For d = 2, by the work of Kenku—Momose [18] and Kamienny [14], the torsion group
E(K)ior of an elliptic curve over a quadratic number field is isomorphic to one of the
following:

Z/mZ, m=1-—16,18;
7.)27 x Z]2mZ, m=1— 6;
7./37 x 7./]3mZ, m=1-—2;
7)AZ x 7,/AZ.

For d = 3, Parent [33,34] showed that the prime divisors of the order of E (K)o,
are < 13. Jeon—Kim—Schweizer [13] determined all the torsion structures that appear
infinitely often when we run through all elliptic curves over all cubic fields:

Z/mZ, m =1— 16,18, 20;
Z)27 x Z.]2mZ, m=1-7.
Najman [27] discovered a sporadic elliptic curve over a cubic field with torsion group
isomorphic to Z/217Z. In view of these facts, our ultimate aim is to show that the torsion
group E (K)o of an elliptic curve E over a cubic number field is isomorphic to one of
the following;:
Z/mZ, m=1-16,18,20 — 21;
Z/27 x Z.]2mZ, m=1-7.

For the cyclic case, it suffices to show that Z/NZ is not a subgroup of F(K )y, for any
elliptic curve E over a cubic number field K when N is among the following list
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