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We study the distribution of the traces of the Frobenius 
endomorphisms of genus g curves which are quartic non-cyclic 
covers of P1

Fq
, as the curve varies in an irreducible component 

of the moduli space. We show that for q fixed, the limiting 
distribution of the traces of Frobenius equals the sum of q+1
independent random discrete variables. We also show that 
when both g and q go to infinity, the normalized trace has 
a standard complex Gaussian distribution. Finally, we extend 
these computations to the general case of arbitrary covers of 
P1
Fq

with Galois group isomorphic to r copies of Z/2Z. For 
r = 1 we recover the already known results for the family of 
hyperelliptic curves.
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1. Introduction

One of the most influential results in class field theory is Chebotarev’s density theorem. 
As is well known, this result is a deep generalization of the Theorem of Dirichlet about 
the equidistribution of rational primes in arithmetic progression and provides a complete 
understanding of the distribution of primes in a fixed Galois number field extension 
with respect to their splitting behavior (for an interesting discussion of the theorem 
and its original proof, see [LS96]). In the function field case, the analogous statement 
is the Sato–Tate conjecture for curves, which studies the distribution of the Frobenius 
endomorphism of the reduction modulo p of a fixed curve, when the prime p varies.

In order to extend this research line in other directions, several mathematicians consid-
ered the following new general problem: given a family of genus g curves over Fq satisfying 
certain properties, to understand the distribution of the Frobenius endomorphisms of the 
curves of the family. This is sometimes called the vertical Sato–Tate conjecture, since the 
prime p is fixed and the curve varies in the family. We can study the limiting distribution 
in two different ways, depending on whether we let the genus g or the cardinality q of 
the field tend to infinity. It is then interesting to compare both limit results.

When g is fixed and q goes to infinity, the problem can be solved thanks to Deligne’s 
equidistribution theorem (cf. [KS99]), once one computes the monodromy group of the 
family, while for the complementary case different techniques are applied depending on 
the particular family considered. The fluctuation in the number of points at the g-limit 
has been studied for different families of curves, such as:

• hyperelliptic curves, cf. [KR09,BDFL09],
• cyclic trigonal curves, cf. [BDFL09,Xio10],
• general trigonal curves, cf. [Woo12],
• p-fold cover of the projective line, [BDFL11],
• �-covers of the projective line, cf. [BDFL09,BDF+16].

In the present paper, we study the distribution of the number of points over Fq for 
a genus g curve C defined over Fq which is a quartic non-cyclic cover of the projective 
line P1

Fq
, both at the q-limit (for a genus g fixed) and at the g-limit (with q fixed). This is 

the first time that a family of non-cyclic abelian covers has been studied. The distribution 
obtained is different to the product of probabilities for the family of hyperelliptic curves, 
which at first sight could be guessed. Therefore, the study of this family seems to be the 
first natural step in order to understand the general abelian case.

Let Bg(Fq) be the family of genus g quartic non-cyclic cover of the projective line P1
Fq

, 
and consider the following decomposition

Bg(Fq) =
⋃

g1+g2+g3=g

B(g1,g2,g3)(Fq)
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