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1. Introduction

Let G be a finite group. The basic algebraic concept arising in G-equivariant homotopy theory is that of a
G-Mackey functor. Mackey functors are well studied and their important role in equivariant homotopy theory
has been documented since the 1970s—see, e.g., [4] or [13]. For example, the appropriate G-equivariant
version of cohomology with coefficients in an abelian group is cohomology with coeflicients in a G-Mackey
functor. Such a cohomology theory is represented by a G-equivariant Eilenberg—-MacLane spectrum.

A commutative multiplication on this type of G-cohomology theory produces a more complicated alge-
braic structure, called a Tambara functor. This type of structure arises from a commutative G-equivariant
Eilenberg-MacLane ring spectrum [14]. Compared with Mackey functors, Tambara functors have additional
structure. Loosely speaking, a Mackey functor M cousists of an abelian group M (G/H) for each subgroup
H < @G, together with restriction and transfer maps between these groups that satisfy certain relations.
A Tambara functor has an additional type of map, called a “norm map,” relating the groups M(G/H). One
can think of restriction as an equivariant version of a diagonal map, transfer as an equivariant version of
addition, and norm as an equivariant version of multiplication.
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The theory of Tambara functors, which was first introduced by Tambara in [12] under the name of
TNR-functors, is not as well developed as that of Mackey functors. Brun [3] and Strickland [11] both
discuss Tambara functors with an eye towards homotopy theory. Both prove that the zeroth homotopy
group of an E-ring spectrum form a Tambara functor. However, neither work considers the algebraic
structure present on the homotopy groups in nonzero grading. The main goal of the present work is to
understand this structure, which is that of a graded Tambara functor. Thus, our results can be thought of
as generalizing Strickland’s and Brun’s work. At the Mackey functor level, the analogous results are well
known, but our work requires a refinement of the existing treatment of graded Mackey functors. To set the
stage for our graded Tambara functors we define the notion of an RO(G)-graded Mackey functor, and prove
that any G-spectrum F determines such an RO(G)-graded Mackey functor in Theorem 1.2. Here RO(G)
is a categorification of the real representation ring of G, and our first task is to define RO(G) carefully.

Additionally, the literature suggests that F has to be a G-equivariant F, ring spectrum in order for its
homotopy groups to define a Tambara functor, see e.g. the first paragraph on p. 235 of [2]. This condition
seems stronger than necessary, as in the case G = {e} a homotopy associative and commutative multiplica-
tion clearly suffices to give 7, F the structure of a graded commutative ring. We remedy this situation by
defining the notion of a norm multiplication on a G-spectrum, and prove in Theorem 1.4 that if E has a
norm multiplication then its RO(G)-graded homotopy groups constitute a graded Tambara functor.

1.1. Statement of results

Our first contribution is a precise definition of the categorified representation ring. Given a finite G-set X,
we make the following definition.

Definition 1.1. Let RO(G)(X) denote the category Fun(BgX,Z°P) of functors from the translation category
Be X to the Grayson—Quillen construction on the category of finite dimensional real inner product spaces.
The morphisms are natural transformations.

As a first step we define a category RO(G) by declaring a morphism from (X, x) to (Y,7) to be a pair

(f, f) where
f: X—=Y

is an isomorphism of G-sets and

fix=vof

is a natural transformation of functors from BgX to Top,

We go on to define a category RO(G)Ma°k by adding restriction and transfer maps to RO(G), and define
an RO(G)-graded Mackey functor to be a functor RO(G)Mak — Ab to the category of abelian groups. The
following result is also restated as Theorem 4.11:

Theorem 1.2. Let E be an orthogonal G-spectrum. Then E determines an RO(G)-graded Mackey functor
7, (E): RO(G)Mak - Ab.

Next we define a category RO(G) ™™ by also adding norm maps to RO(G), and define an RO(G)-graded
Tambara functor to be a functor RO(G)T#™P — Set landing in the full subcategory of abelian groups. We
then pin down the exact amount of multiplicative structure F needs in order for 7, (F) to determine an
RO(G)-graded Tambara functor.
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