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We present constructions of codes obtained from maximal orders over number 
fields. Particular cases include codes from algebraic number fields by Lenstra and 
Guruswami, codes from units of the ring of integers of number fields, and codes 
from both additive and multiplicative structures of maximal orders in central simple 
division algebras. The parameters of interest are the code rate and the minimum 
Hamming distance. An asymptotic study reveals several families of asymptotically 
good codes.

© 2017 Elsevier B.V. All rights reserved.

1. Preliminaries

Given

(i) a number field K and a maximal order (or a subgroup of the units of a maximal order) Λ defined on 
K;

(ii) a locally compact group G and K a compact of G;
(iii) an embedding Ψ : Λ ↪→ G such that the image Ψ(Λ) is a lattice of G, i.e. a discrete subgroup with a 

fundamental domain of finite measure;
(iv) a map Θ : Λ → A(Fp)N where A(Fp) is an alphabet over the finite field Fp, p a prime, and N ≥ 1 is 

an integer,

we consider the code C = Θ
(
Ψ−1(zK ∩ Ψ(Λ))

)
, for some z in a given fundamental domain of Ψ(Λ).
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K,Ψ(Λ) ⊂ G

Λ

Ψ

Θ

C ⊂ A(Fp)N

Codewords of the code C are elements of A(Fp)N , and the parameters of interest are

• the rate 
logq |C|

N of the code, where q = |A(Fp)|, N is the code length, and logq(x) = lnx/lnq;
• its minimum Hamming distance dH(C) which counts the minimum number of components in which any 

two distinct codewords differ.

The goal is to obtain both a high rate and a high minimum distance. The trade-off between both is char-
acterized by the Singleton bound, which for nonlinear codes states that

logq |C| ≤ N − dH(C) + 1.

Asymptotically, the relative minimum distance dH(C)/N is considered, and families of codes (Ci)i with 
length Ni that satisfy

lim inf
i

logq |Ci|
Ni

> 0, lim inf
i

dH(Ci)
Ni

> 0,

are called asymptotically good codes, e.g. [30, Chapter I, §1.3]. The alphabet size could more generally be 
allowed to grow with i, though we consider codes for which q is constant, which are of special interest.

A first instance of the above principle is the code construction from algebraic number fields due to Lenstra 
[12] (and rediscovered independently by Guruswami [3]). An asymptotic analysis of this code instance was 
provided in both works, and asymptotically good codes were found.

Example 1. [Lenstra [12], Guruswami [3]] Let K be a number field of degree n with infinite places P∞ and 
let OK be its ring of integers. Set Λ = OK. Take Ψ to be the embedding of K in its archimedean completions, 
so that G =

∏
σ∈P∞

Kσ � Rn, and Θ the reduction modulo N distinct prime ideals of OK above p. Then 
N ≤ n and A(Fp) is a finite extension of Fp. In particular, A(Fp) = Fp when N = n.

Remark 1. It is also possible to consider prime ideals above different primes p, as done in [12,3], in which 
case Θ should be defined using 

∏
p A(Fp) rather than A(Fp)N . This paper focuses on the case where all 

prime ideals are above the same prime, which is usually more standard [20, 1,§1–§2(vi)] from a coding 
theory view point, even though the results that will be proven hold in the general case.

A natural extension of Lenstra’s construction is the Arakelov construction of Goppa codes from function 
fields by Nakashima [17,18]. Another extension of Goppa codes to division algebras in the function field 
situation can be found in a work by Morandi and Sethuraman [16]. Neither Nakashima nor Morandi and 
Sethuraman consider the asymptotic behavior of the codes.

This paper presents a generalization of the work by Lenstra and Guruswami, in the number field case. In 
particular, our framework gives rise to the following cases, whose details will be given later on in the paper.

Example 2. Firstly, we use the multiplicative structure of the ring of integers OK, where K is a number 
field of signature (r1, r2). Take Λ to be the units of OK , Λ = O×

K . Then Ψ is the logarithmic embedding 
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