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1. Introduction and preliminaries

By a semiring we mean a nonempty set S with two binary operations @ (addition)
and ® (multiplication) such that

e (S,®) is a commutative semigroup;
e (5,®) is a semigroup;
o ® distributes over @®.

A semiring S is said to be commutative if a @ b = b ® a for all a,b € S. An element ¢
(e, respectively) of a semiring S is called a neutral element for multiplication (a neutral
element for addition, respectively) if a® e = e ® a = a (a ® ¢ = a, respectively) for
all a € S. A semiring with a multiplicative neutral element e and an additive neutral
element ¢ is called an idempotent semiring (also called dioid, see [1,11,19]) if a B a =a
for all @ € S. Notice that some authors (see [9,10] for instance) require that the additive
neutral element ¢ is absorbing. However we do not require our semirings and idempotent
semirings to satisfy this property. If we define the binary relation < on an idempotent
semiring S by

a<b<=ad®b=y, (1.1)

then it is a partial order relation (see [1]). Also, it is compatible with & and ®, that is,
for any a,b,c € S,

a<b=aPc<bPc,a®Rc<bR®cand c®Ra <c®b. (1.2)

The tropical semiring R is a commutative idempotent semiring (that is, a commutative
dioid). It is the set RU{—o0} equipped with the operations of tropical addition a ®b =
max(a, b) and tropical multiplication a®b = a+b, where 0 and —oco are the multiplicative
neutral element and the additive neutral element, respectively. Note that the partial
order < on R defined by (1.1) is the usual order of real numbers. Tropical algebra (also
called max-plus algebra) is the algebra developed over the tropical semiring. It provides
an attractive way to describe and solve nonlinear problems appearing in areas such
as combinatorial optimization [3], control theory [5], geometry [8,15], automata theory
[21], etc. Many such problems are naturally expressed using systems of tropical linear
equations and inequalities, and so tropical matrices have been intensively studied (see
[1,3-5,12,15,16,21]).

As in conventional linear algebra, we can extend the operations @& and ® on the
tropical semiring R to matrices. That is, if A = (a;;),B = (b;;) and C = (c;;) are
matrices over R of compatible sizes, then we write C' = A @ B if ¢;; = a;; @ b;; for all
i,j and C = A® B if ¢;j = @, air, ® by; for all 4, j. With respect to the tropical matrix
addition @ and the tropical matrix multiplication ®, the set M,, of all n x n tropical
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