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ADDITIVE COLOURFUL CARATHÉODORY TYPE RESULTS

WITH AN APPLICATION TO RADII

MATTHIAS BRUGGER, MAXIMILIAN FIEDLER, BERNARDO GONZÁLEZ MERINO,
AND ANJA KIRSCHBAUM

Abstract. In this paper we study the behavior of the circumradius with
respect to the Minkowski addition in generalized Minkowski spaces. To do so,

we solve additive colourful Carathéodory type results, under certain equilibria
conditions.

1. Introduction

Let us denote by Kn the set of all n-dimensional convex bodies, i.e., convex and
compact sets.

The circumradius of a convex body K with respect to a second convex body C is
the smallest rescalation λC containing a translation of K, and is denoted by R(K,C).
The inradius of K w.r.t. C is the largest rescalation λC containing a translation of
K, and is denoted by r(K,C). The diameter of K w.r.t. C is the maximum distance
between two points of K measured w.r.t. ‖ · ‖(C−C)/2, and is denoted by D(K,C).
Finally, the minimal width of K w.r.t. C is the smallest distance between two parallel
supporting hyperplanes to K measured w.r.t. ‖·‖(C−C)/2, and is denoted by w(K,C).
In the Euclidean space (Rn, ‖ · ‖2) with unit ball Bn

2 := {x ∈ Rn : ‖x‖2 ≤ 1}, where
‖x‖2 :=

√
x2
1 + · · ·+ x2

n, and unit sphere Sn−1 = {x ∈ Rn : ‖x‖2 = 1}, we write
R(K) := R(K,Bn

2 ), and the same for r(K), D(K), and w(K).
The authors of [13, Theorems 1.1 and 1.2] initiated the study of the behavior of

the successive radii (which are generalizations of the classical radii above) w.r.t. the
Minkowski (or vectorial) addition in the Euclidean space with unit ball Bn

2 . In
particular, the authors showed that for any two convex bodies K and L

(1.1)
R(K) + R(L) ≤ √

2R(K + L), r(K) + r(L) ≤ r(K + L),

D(K) + D(L) ≤ √
2D(K + L), w(K) + w(L) ≤ w(K + L).

Other authors have studied the same questions for the different families of successive
radii in the Euclidean space [10], for the mean successive radii [1], for the Firey (or
p) sum [14], or for the Orlicz-Minkowski sum [8].

In this paper, however, our aim is to focus on the Minkowski addition of convex
bodies, and to compute its behavior under the circumradius measured with respect
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