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Let X and Y be two infinite-dimensional complex Banach 
spaces, and fix two nonzero vectors x0 ∈ X and y0 ∈ Y . Let 
B(X) (resp. B(Y )) denote the algebra of all bounded linear 
operators on X (resp. on Y ), and let Ex0(X) be the collection 
of all operators T ∈ B(X) for which x0 is an eigenvector and 
(T −r1X)2 is a nonzero scalar operator for some scalar r ∈ C. 
We show that a map ϕ from B(X) onto B(Y ) satisfies

σϕ(T )ϕ(S)−ϕ(S)ϕ(T )(y0) = σTS−ST (x0), (T, S ∈ B(X)),

if and only if there are two functions η : B(X) → C and 
ξ : B(X) → {−1, 1}, and a bijective bounded linear mapping 
A : X → Y such that Ax0 = y0, the function ξ is constant on 
B(X)\Ex0(X), and

ϕ(T ) = ξ(T )ATA−1 + η(T )1Y

for all T ∈ B(X).
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1. Introduction and statement of main result

Throughout this paper, X and Y denote infinite-dimensional complex Banach spaces, 
and let x0 ∈ X and y0 ∈ Y be two nonzero vectors. Let B(X) (resp. B(Y )) denote 
the algebra of all bounded linear operators on X (resp. on Y ), and denote its identity 
operator by 1. The local resolvent set, ρT (x), of an operator T ∈ B(X) at a point x ∈ X

is the union of all open subsets U of C for which there is an analytic function ζ : U → X

such that (T − λ)ζ(λ) = x, (λ ∈ U). The local spectrum of T at x is σT (x) := C\ρT (x), 
and is obviously a closed subset of σ(T ), the spectrum of T . An operator T ∈ B(X)
is said to have the single-valued extension property (SVEP) if for every open subset 
U of C, the equation (T − λ)ϕ(λ) = 0, (λ ∈ U), has no nontrivial X-valued analytic 
solution ϕ. Recall that σT (x) �= ∅ for all nonzero vectors x in X precisely when T has 
the SVEP, and note that every operator T ∈ B(X) for which the interior of its point 
spectrum, σp(T ), is empty enjoys this property. Note that if T ∈ B(X) has SVEP and 
Tx = αx for some nonzero vector x ∈ X and α ∈ C, then σT (x) = {α}. Note also 
that if T ∈ B(X) has SVEP and Tx = αy for some vectors x, y ∈ X and α ∈ C, then 
σT (y) ⊂ σT (x) ⊂ σT (y) ∪{0}. Moreover, σT (Rx) ⊂ σT (x) for all commuting operators T
and R in B(X) and all x ∈ X. Furthermore, σT (x +y) ⊂ σT (x) ∪σT (y) for all T ∈ B(X)
and x, y ∈ X, and the equality holds if σT (x) ∩σT (y) = ∅. For more information on local 
spectral theory, the interested reader may consult the remarkable books of Aiena [3] and 
of Laursen and Neumann [18].

Beside the recent works [1,2,5–10] on nonlinear local spectra preserver problems, we 
are motivated by several papers where the main interest is focused on characterizing 
nonlinear maps preserving a spectral quantity or relation of Jordan and Lie products of 
operators or matrices; see for instance [11–17,19–21]. In [5, Theorem 2.1], the second and 
third authors described the form of all maps preserving the local spectrum of Jordan 
product of operators on a complex Banach space. They showed that a map ϕ from B(X)
onto B(Y ) satisfies

σϕ(T )ϕ(S)+ϕ(S)ϕ(T )(y0) = σTS+ST (x0), (T, S ∈ B(X)) (1.1)

if and only if there exists a bijective bounded linear mapping A from X into Y such 
that Ax0 = y0 and ϕ(T ) = ±ATA−1 for all T ∈ B(X). In the present paper, we 
characterize all maps ϕ from B(X) onto B(Y ) preserving the local spectrum of Lie 
product [S, T ] := ST − TS of operators. Note that, since [S, T ] = [S + λ1, T + μ1] for 
all S, T ∈ B(X) and λ, μ ∈ C, for every function η : B(X) → C and a bijective map 
A : X → Y such that Ax0 = y0, the map

ϕ(T ) = ±ATA−1 + η(T )1Y , (T ∈ B(X)) (1.2)

satisfies

σ[ϕ(T ), ϕ(S)](y0) = σ[T, S](x0), (T, S ∈ B(X)). (1.3)
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