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The higher rank numerical range is described for a class of 
matrices which happen to be unitarily reducible to direct 
sums of (at most) 2-by-2 blocks. In particular, conditions are 
established under which tridiagonal matrices have elliptical 
rank-k numerical ranges.
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1. Introduction

Researchers from the field of theoretical physics implemented several methodologies 
to resolve problems arising in quantum error correction. The main effort was to eliminate 
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the error factors created during transmission of quantum information and to describe 
possible corruption induced in the quantum system. Motivated by a physical problem, 
Choi et al. in their pioneering articles [7–9], reduced this problem to a purely mathemat-
ical introducing the notion of higher rank numerical ranges, and triggering the interest 
of many authors leading to an extensive literature [1,2,16,17,21].

Let Mm,n(C) (resp., Mm,n(R)) denote the set of all m × n complex (resp., real) 
matrices, with the notation Mn,n(C) abbreviated further to Mn(C).

For a positive integer 1 ≤ k ≤ n, the rank-k numerical range of A ∈ Mn(C) is defined 
and denoted by

Λk(A) = {λ ∈ C : PAP = λP for some rank k orthogonal projection P}.

Note that the rank-1 numerical range coincides with the classical numerical range [15]

Λ1(A) ≡ F (A) = {x∗Ax : x ∈ C
n, x∗x = 1} .

The latter set encompasses all the eigenvalues of matrix A, that is the spectrum σ(A) =
{λ ∈ C : det(λI −A) = 0}.

The higher rank numerical ranges {Λk(A)}k≥1 form a decreasing sequence of compact 
sets, due to the inclusion relations

Λ1(A) ⊇ Λ2(A) ⊇ · · · ⊇ Λk(A)

and they further enjoy a number of basic algebraic and geometric properties [7,8,16]:

(P1) Λk(aA + bI) = aΛk(A) + b, for any a, b ∈ C.
(P2) Λk(U∗AU) = Λk(A), for any unitary U ∈ Mn(C).
(P3) Λk(A) ⊆ Λk(H(A)) + iΛk(S(A)), where H(A) = (A + A∗)/2 and S(A) =

(A − A∗)/2i are the Hermitian and skew-Hermitian parts of matrix A, respec-
tively.

(P4) Λk(A1 ⊕A2) ⊇ Λk(A1) ∪Λk(A2), where the symbol ⊕ stands for the direct sum 
of matrices A1, A2 ∈ Mn(C).

(P5) Λk1+k2(A1 ⊕A2) ⊇ Λk1(A1) ∩ Λk2(A2), for any k1, k2 ∈ {1, . . . , n}.
(P6) If n ≥ 3k − 2, then Λk(A) �= ∅. On the other hand, Λn(A) �= ∅ precisely when 

A = λIn.

For any 1 ≤ k ≤ n, Λk(A) are convex sets (see [21]). Specifically, they coincide with the 
intersection of half-planes

Λk(A) =
⋂

θ∈[0,2π)

e−iθ{z ∈ C : Rez ≤ λk(Hθ(A))}, (1.1)

where λk(·) denotes the k-th largest eigenvalue of a matrix and Hθ(A) = H(eiθA) (see 
[17]). In case of a normal matrix A with spectrum σ(A) = {λ1, . . . , λn}, the expression 
(1.1) yields the intersection of the convex hulls (polygons)
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