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Let Fp,q be the generalized friendship graph K1
∨

(pKq) on 
pq + 1 vertices obtained by joining a vertex to all vertices of 
p disjoint copies of the complete graph Kq on q vertices. In 
this paper, we prove that Fp,q is determined by its normalized 
Laplacian spectrum if and only if q ≥ 2, or q = 1 and p ≤ 2.
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1. Introduction

Spectral graph theory studies the relations between the structure of a graph and eigen-
values of matrices associated with it. One of the main problems in spectral graph theory 
is which graphs are determined by their spectrum or equivalently, finding nonisomorphic 
graphs G and H that have the same spectrum. Many results on these questions can be 
found in two excellent surveys (see [9,10]) by Van Dam and Haemers.

Let G be an undirected simple graph with vertex set V (G) and edge set E(G). Let 
dv be the degree of a vertex v ∈ V (G). The normalized Laplacian matrix of a graph G
is defined to be L(G) = (luv), where

luv =

⎧⎪⎨
⎪⎩

1, if u = v and u is not an isolated vertex;
− 1√

dudv
, if u is adjacent to v;

0, otherwise.

The eigenvalues of L(G) are called L−eigenvalues. This paper deals with the normalized 
Laplacian matrix of G, so we denote its spectrum of G (the all eigenvalues L(G) of G, 
including multiplicities) by Sp(G). We say that G and H are cospectral if they are not 
isomorphic, but Sp(G) = Sp(H), and that G is determined by its normalized Laplacian 
spectrum if Sp(H) = Sp(G) only when H is isomorphic to G.

Chung in [4] showed how the normalized Laplacian spectrum reveals fundamental 
properties and structure of a graph. Butler [1] surveyed algebraic aspects of L(G) and 
provided (see [2] and [3]) several methods of constructing cospectral graphs. Almost 
all small graphs are determined by their normalized Laplacian spectrum (see [3]). The 
normalized Laplacian spectrum of a complete graph Kn is 0, n

n−1 with multiplicities 1
and n − 1 respectively, and Kn is determined by this spectrum [3].

Butler [1] conjectured that the only graphs cospectral with a cycle are K1,3 and the 
graph γ4k obtained by identifying the center vertex of a path on 2k + 1 vertices and a 
vertex of a cycle on 2k vertices; i.e., a cycle on n vertices is determined by its normalized 
Laplacian spectrum if and only if n > 4 and 4 � n. In general, up to now, there are very 
few graphs that are known to be determined by their normalized Laplacian spectrum. 
In this paper, we present a family of graphs that are determined by their spectrum.

Denote by Fp,q the graph K1
∨

(pKq) on pq + 1 vertices obtained by joining a vertex 
to all vertices of p disjoint copies of the complete graph Kq on q vertices. The friendship 
graph Fk consists of k edge-disjoints triangles that meet in one vertex (for the famous 
friendship theorem, see [6]). Liu et al. [8] proved the Fk is determined by its Laplacian 
spectrum (see also [7]). Wang et al. [12] proved that Fk is determined by its signless 
Laplacian spectrum. Recently, Cioabă et al. [5] proved that Fk is determined by its 
adjacent spectrum if and only if k �= 16, and that for F16, there is only one graph 
nonisomorphic to F16, but with the same adjacency spectrum. The friendship graphs are 
a subfamily of Fp,q, since Fk = Fk,2.
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