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A graph is said to be walk-regular if, for each � ≥ 1, every 
vertex is contained in the same number of closed walks of 
length �. We construct a 24-vertex graph H4 that is not walk-
regular yet has maximized walk entropy, SV (H4, β) = log 24, 
for some β > 0. This graph is a counterexample to a conjecture 
of Benzi (2014) [1, Conjecture 3.1]. We also show that there 
exist infinitely many temperatures β0 > 0 so that SV (G, β0) =
lognG if and only if a graph G is walk-regular.
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1. Introduction

We study the interplay between the structural property of graphs called walk-
regularity and the algebraic property called walk entropy. A simple graph G is walk-
regular [8] if every vertex of G is contained in the same number of closed walks of 
length � for every � ∈ N. Observe that a graph G is walk-regular if and only if for every 
� ∈ N, all the diagonal entries of the power A� of the adjacency matrix A of G are the 
same. Also note that if a graph G is walk-regular, then it is necessarily degree-regular, 
i.e., every vertex of G has the same degree.

Estrada et al. [5] initiated the study of the relationship between walk-regularity and 
an algebraic parameter of a graph called the walk entropy. The walk entropy of a graph 
G at the temperature β ≥ 0 is defined as

SV (G, β) = −
nG∑
i=1

[
eβA

]
ii

Tr eβA log
[
eβA

]
ii

Tr eβA ,

where nG denotes the number of vertices of G (in general, we use nH for the number 
of vertices of a graph H throughout the paper). In other words, the walk entropy is 
the entropy associated with the probability distribution on the vertex set V (G) that 
is linearly proportional to the subgraph centrality of the vertices. We note that any 
probability distribution on V (G) gives rise to a corresponding notion of graph entropy; 
Dehmer [3] called such distributions information functionals, and introduced this more 
general class of graph entropies.

The subgraph centrality of the i-th vertex of a graph G [7] is equal to 
[
eβA

]
ii
, the 

corresponding diagonal entry of eβA. Note that the walk entropy SV (G, β) ∈ [0, log nG]
and SV (G, β) = lognG if and only if all the diagonal entries of eβA are the same. That 
is, walk entropy is maximized precisely when all the vertices have the same subgraph 
centrality.

It is easy to see that if a graph G is walk-regular, then its walk entropy SV (G, β) is 
equal to log nG for every β ≥ 0. Estrada et al. [5] conjectured that the converse is also 
true.

Conjecture 1 (Estrada et al. [5, Conjecture 1]). A graph G is walk-regular if and only if 
SV (G, β) = lognG for all β ≥ 0.

The conjecture was proven by Benzi in the following stronger form.

Theorem 1 (Benzi [1, Theorem 2.2]). Let I be any set of real numbers containing an 
accumulation point. If a graph G satisfies SV (G, β) = log nG for all β ∈ I, then G is 
walk-regular.

Benzi also proposed the following strengthening of his result.
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