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We present a generalization of the theory of concatenated lin-
ear systems to commutative rings with identity. Moreover, 
we highlight sufficient conditions to obtain reachable and ob-
servable concatenated linear systems. This approach provides 
us with minimal input-state-output representations by means 
of which we can construct observable concatenated families 
of convolutional codes with different parameters over some 
particular rings. This work focuses on the characterization of 
models of serial, systematic serial and parallel concatenation.
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1. Introduction

The algebraic theory of discrete-time linear systems over arbitrary fields was intro-
duced by Kalman in 1965 (see [13]). In particular, the class of discrete time-invariant 
linear systems over commutative rings with identity has been extensively studied by dif-
ferent authors (see [1,14,25,26], among others). This class of systems provides us with an 
input/state/output (I/S/O) representation of the behavior of the system. The part of the 
state-space representation provides detailed descriptions of the internal behavior of the 
system, and the input/output part gives information about the external behavior of the 
system. Moreover, in the case of finite-dimensional dynamical systems, many qualitative 
properties can be studied in terms of initial-value problems.

One of the most recent applications of discrete time-invariant linear systems has been 
proposed by Rosenthal et al. in [22–24,28]. They show that for a convolutional code 
over a finite field exists a unique and minimal I/S/O representation (a reachable linear 
system) that describes the code. They use this connection to construct observable convo-
lutional codes with good distance properties. From these works, there is a considerable 
body of literature about the construction of convolutional codes using the approach of 
linear systems. In particular, some authors as [4,5,9,10,27] had exploited this relation 
for the construction of concatenated convolutional codes and, to deduce control proper-
ties.

In coding theory, concatenated convolutional codes are a class of convolutional codes 
that are obtained by combining an inner code and an outer code. They were conceived 
by Forney in [8] to solve the problem of under-utilization of memory since with concate-
nation, it is possible to join two encoders in a single block. In turn, it provides a solution 
to the problem of finding a code that has both exponentially decreasing error probabil-
ity with increasing block length and polynomial time decoding complexity. This type of 
codes is used to detect, correct and hide information, and they are handy when it is nec-
essary to communicate highly sensitive topics. An important example of concatenated 
convolutional codes is the turbo codes.

The study of error-correcting codes initially took place in the setting of vector spaces 
over finite fields. Nevertheless, recently, the research of linear codes over finite rings 
has become increasingly important, that is due to the realization that many significant 
and apparently non-linear codes are, in fact, equivalent to linear codes over a modular 
integer ring. Regarding its applications, for example, in [17] an encoder over Z/4Z is 
developed for decoding MPEG-4 images. Recently, in [12], a steganographic protocol has 
been performed based on convolutional codes over the ring Z/4Z.

Massey and Mittelholzer developed the first approach to convolutional codes over rings 
in [18] and [19] where they showed that the convolutional codes over Zn are usually more 
appropriate for some contexts as the phase modulation. They also focused on the study 
of minimal and systematic encoders over rings. Minimal encoders, properties or trellis 
representations of convolutional codes over rings have been developed in [7,11,15,16]
or [29], among others.
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