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Multiplicative matrix semigroups with constant spectral
radius (c.s.r.) are studied and applied to several problems of
algebra, combinatorics, functional equations, and dynamical
systems. We show that all such semigroups are characterized
by means of irreducible ones. Each irreducible c.s.r. semigroup
defines walks on Euclidean sphere, all its nonsingular elements
are similar (in the same basis) to orthogonal. We classify all
nonnegative c.s.r. semigroups and arbitrary low-dimensional
semigroups. For higher dimensions, we describe five classes
and leave an open problem on completeness of that list. The
problem of algorithmic recognition of c.s.r. property is proved
to be polynomially solvable for irreducible semigroups and
undecidable for reducible ones.

© 2016 Elsevier Inc. All rights reserved.

* The first author is supported by the RFBR grants Nos. 14-01-00332 and 16-04-00832, and by the grant
of Dynasty Foundation; the second author is supported by the RFBR grant No. 14-01-00332, the grant of
Dynasty Foundation, the Simons grant, and the Science Schools grant No. NS-3682.2014.1.

* Corresponding author.

E-mail addresses: v-protassov@yandex.ru (V.Yu. Protasov), an.voynov@gmail.com (A.S. Voynov).

http://dx.doi.org/10.1016/j.1aa.2016.10.013
0024-3795/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.laa.2016.10.013
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/laa
mailto:v-protassov@yandex.ru
mailto:an.voynov@gmail.com
http://dx.doi.org/10.1016/j.laa.2016.10.013
http://crossmark.crossref.org/dialog/?doi=10.1016/j.laa.2016.10.013&domain=pdf

V.Yu. Protasov, A.S. Voynov / Linear Algebra and its Applications 513 (2017) 376—408 377

1. Introduction

Matrix semigroups with constant spectral radius, or semigroups of matrices bounded
from above and from below, have many remarkable properties and naturally appear in
problems of combinatorics, dynamical systems, functional equations, matrix algebras,
etc. The variety of those semigroups is very rich and the problem of their classification
is still open. In this paper, we solve this problem in low dimensions and for nonnegative
semigroups of arbitrary dimensions. In general case, we show that any semigroup with
constant spectral radius defines walks on an ellipsoid. This fact, which is of independent
interest, gives a way to recognize such semigroups by a polynomial time algorithm. In
the end of the paper, we apply our results to several problems from applications.

For the sake of simplicity, in this paper we focus on matrices over R. Thus, we consider
multiplicative closed semigroups of real d x d matrices. For a nonempty compact family A
of d x d matrices, we denote by S 4 the semigroup generated by A by multiplications and
taking closure.

Definition 1. A matrix semigroup S has constant spectral radius (in short, S is c.s.r.) if
the spectral radius of all its elements is the same and nonzero. A compact matrix family
A is called c.s.r. if it generates a c.s.r. semigroup S 4.

The spectral radius p(A) of a matrix A is the maximal modulus of its eigenvalues.
Clearly, in any c.s.r. semigroup the spectral radius of all matrices is equal to one. Indeed,
if for some A € S, we have p(A) = ¢, then p(A?) = 2. On the other hand, the semigroup
Sis c.s.r. and A% € S, hence ¢? = ¢, and so ¢ = 1.

Definition 2. A family of matrices A is irreducible if there is no proper linear subspace
of R? invariant for all matrices from .A.

The semigroup Sy generated by a family A is irreducible precisely when so is A.
Semigroups with constant spectral radius have several important characteristic proper-
ties listed below. Some of them concern only irreducible semigroups.

1. If S is a semigroup with multiplicative spectral radius, i.e., p(AB) = p(A)p(B),
A, B € S, then the semigroup {[p(4)]tA| A € S, p(A) # 0} has constant spectral
radius. Thus, the study of semigroups with multiplicative spectral radius is essentially
reduced to c.s.r. semigroups. This observation was put to good use in [24]. Moreover,
for irreducible semigroups, the submultiplicativity of the spectral radius (p(AB) <
p(A)p(B), A,B € §) is equivalent to its multiplicativity [16, Theorem 2.1]. This
property of semigroups can be relaxed further to the so-called Rota condition [24,
Theorem 4.3].

2. All finite matrix semigroups that do not contain zero matrices are c.s.r. For inte-
ger matrices, the converse is also true: every irreducible c.s.r. semigroup of integer
matrices is finite. We analyse this aspect in more detail in Subsection 9.1.



Download English Version:

https://daneshyari.com/en/article/8898100

Download Persian Version:

https://daneshyari.com/article/8898100

Daneshyari.com


https://daneshyari.com/en/article/8898100
https://daneshyari.com/article/8898100
https://daneshyari.com

