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1. Introduction

Let (M, J, g) be a Hermitian manifold of complex dimension n > 2. Let w be its fundamental form defined
as w(- ) =g(J-,-).

Definition. A Hermitian manifold (M, J, g) is called locally conformally Kihler (1cK) if there exists a closed
1-form 6 which satisfies

dw =0 Aw.
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If moreover @ is parallel with respect to the Levi-Civita connection of g, the manifold (and the metric itself)
are called Vaisman [13].

We refer to [1] for definitions and main properties of lcK metrics.

Among IcK manifolds, Vaisman ones are important because their topology is better understood. Conse-
quently, characterizations of this subclass are always interesting. Several sufficient conditions are known for
a compact, non-Kéhler 1cK manifold to be Vaisman: the Einstein-Weyl condition ([12]); the existence of a
parallel vector field ([7]); the pluricanonical condition ([8]); homogeneity ([3]); having potential and being
embedded in a diagonal Hopf manifold ([9], [10]); or being toric ([4], [6]).

On the other hand, as compact Vaisman manifolds have zero Euler characteristic, the blow-up of a
compact 1cK manifold (which is known to be IcK, [14]) never admits Vaisman metrics; moreover, lcK
Oeljeklaus—Toma manifolds (in particular, IcK Inoue surfaces) are never Vaisman, cf. e.g. [11].

It is known that on a Vaisman manifold, the Lee and anti-Lee vector fields #* and J#* are holomorphic
and Killing. In this note, we discuss the implications of the Lee vector field being only holomorphic, and we
add to the above list of sufficient conditions the following result:

Theorem 1. Let (M, J, g,0) be a compact locally conformally Kihler manifold with holomorphic Lee field 6.
Suppose that one of the following conditions is satisfied:

(i) the norm of the Lee form 6 is constant, or
(ii) the metric g is Gauduchon (which means by definition that the Lee form 0 is co-closed with respect to g,
see [2, pp. 502]).

Then (M, J,g) is Vaisman.

As shown in Section 3, this result does not hold in general for holomorphic Lee vector fields #* without
imposing some additional hypotheses like (i) or (ii).

Very recently, Nicolina Istrati has found another instance where the conclusion of Theorem 1 holds:
Proposition (Istrati [5]). Let (M, J,g,0) be a compact locally conformally Kihler manifold with holomorphic

Lee field. Suppose that the metric g has a potential, i.e., w = 0 AN JO — dJO (cf. [9]). Then (M, J,g) is
Vaisman.

2. Proof of Theorem 1
2.1. Local formulae

Consider the Lee vector field T := 6%. We start by proving two straightforward results.
Lemma 2. If T is holomorphic, then JT is both holomorphic and Killing.

Proof. Since J is integrable and T is holomorphic, JT must also be holomorphic. On any 1cK manifold,
Cartan’s formula yields:

Lyrw=d(JT aw)+ JT 1(0 Aw)
=—df+ (6N0)=0.

Combined with £y J = 0, this gives L;7¢g=0. O
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