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In this paper, we introduce the notion of a left-symmetric bialgebroid as a geometric 
generalization of a left-symmetric bialgebra and construct a left-symmetric bialge-
broid from a pseudo-Hessian manifold. We also introduce the notion of a Manin 
triple for left-symmetric algebroids, which is equivalent to a left-symmetric bialge-
broid. The corresponding double structure is a pre-symplectic algebroid rather than 
a left-symmetric algebroid. In particular, we establish a relation between Maurer–
Cartan type equations and Dirac structures of the pre-symplectic algebroid which 
is the corresponding double structure for a left-symmetric bialgebroid.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Left-symmetric algebras (or pre-Lie algebras) arose from the study of convex homogeneous cones [28], 
affine manifolds and affine structures on Lie groups [10], deformation and cohomology theory of associative 
algebras [6] and then appeared in many fields in mathematics and mathematical physics. See the survey 
article [2] and the references therein. In particular, there are close relations between left-symmetric algebras 
and certain important left-invariant structures on Lie groups like the aforementioned affine, symplectic, 
Kähler, and metric structures [8,11,18,20,21]. A quadratic left-symmetric algebra is a left-symmetric alge-
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bra together with a nondegenerate invariant skew-symmetric bilinear form [3]. A symplectic (Frobenius) 
Lie algebra is a Lie algebra g equipped with a nondegenerate 2-cocycle ω ∈ ∧2g∗. There is a one-to-one 
correspondence between symplectic (Frobenius) Lie algebras and quadratic left-symmetric algebras.

A left-symmetric algebroid, also called a Koszul–Vinberg algebroid, is a geometric generalization of a 
left-symmetric algebra. See [12,23,24] for more details and applications. In [13], we introduced the notion 
of a pre-symplectic algebroid, which is a geometric generalization of a quadratic left-symmetric algebra. 
Generalizing the relation between symplectic (Frobenius) Lie algebras and quadratic left-symmetric algebras, 
we showed that there is a one-to-one correspondence between symplectic Lie algebroids and pre-symplectic 
algebroids. See [4,7,19,22] for more details about symplectic Lie algebroids and their applications.

The purpose of this paper is to study the bialgebra theory for left-symmetric algebroids and the corre-
sponding Manin triple theory. Motivated by [14,16], we introduce the notion of a left-symmetric bialgebroid, 
which is a geometric generalization of a left-symmetric bialgebra [1]. The double of a left-symmetric bialge-
broid is not a left-symmetric algebroid anymore, but a pre-symplectic algebroid. This result is parallel to the 
fact that the double of a Lie bialgebroid,1 is not a Lie algebroid, but a Courant algebroid [14]. Furthermore, 
if we consider the commutator of a left-symmetric bialgebroid, we obtain a matched pair of Lie algebroids, 
whose double is the symplectic Lie algebroid associated to the pre-symplectic algebroid. The above results 
can be summarized into the following commutative diagram:

qua LS alg g ⊕ g
∗ commutator

sym Lie alg g
c ⊕ g

∗c

LS bialg (g, g∗)
commutator

double

MP Lie alg (gc, g∗c)

double

pre-sym algd A ⊕ A∗ commutator
sym Lie algd Ac ⊕ A∗c

LS bialgd (A,A∗)
commutator

double

MP Lie algd (Ac, A∗c)

double

Diagram I

In the above diagram, qua is short for quadratic, LS is short for left-symmetric, alg is short for algebra, sym 
is short for symplectic, MP is short for matched pair and algd is short for algebroid. We establish a relation 
between left-symmetric bialgebroids and pseudo-Hessian manifolds. See [25–27] for more information about 
pseudo-Hessian Lie algebras and Hessian geometry. A flat manifold (M, ∇) gives rise to a left-symmetric 
algebroid T∇M . We show that a pseudo-Riemannian metric g on (M, ∇) is a pseudo-Hessian metric if 
δg = 0, where δ is the cohomology operator of the left-symmetric algebroid T∇M (Proposition 4.13). Given 
a pseudo-Hessian manifold (M, ∇, g), (T∇M, T ∗

HM) is a left-symmetric bialgebroid (Proposition 4.14), where 
H is the inverse of g. This result is parallel to that (TM, T ∗

πM) being a Lie bialgebroid for any Poisson 
manifold (M, π) [9,16]. It seems therefore that our theory is a symmetric analogue of Poisson geometry.

The paper is organized as follows. In Section 2, we give a review on Lie algebroids, left-symmetric alge-
broids and pre-symplectic algebroids. In Section 3, we develop the differential calculus on a left-symmetric 
algebroid which is the main tool in our later study. In Section 4, we introduce the notion of a left-symmetric 
bialgebroid and study its properties. In Section 5, we introduce the notion of a Manin triple for left-
symmetric algebroids and show the equivalence between left-symmetric bialgebroids and Manin triples for 
left-symmetric algebroids.

Throughout this paper, all the vector bundles are over the same manifold M .

1 The notion of a Lie bialgebroid was first introduced by Mackenzie and Xu as the infinitesimal object of a Poisson groupoid [16].
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