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Abstract

Open problems relating smoothness to the rate of approximation that I would like solved are presented
with some background. Conjectures for the solutions of some of these problems are given with intuitive
reasoning.
c⃝ 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In this article I present questions and conjectures that occurred to me during my work. Some,
but not all, of these will prove to be quite difficult. The context of the questions will be given.
That is, what is known and where it was proved, what I believe is valid in the remaining cases
(and why) and what applications I hope these new results will have. The work is related to
approximation on various domains. The domains emphasized will be the sphere, the circle
[−π, π), the torus, ball, polytopes, R, Rd and other convex sets. The weights treated include
Jacobi-type weights on the simplex, (1 − ∥x∥2)λ−

1
2 on the unit ball, Freud-type weights on R,

and w(x) = 1 on other domains. The emphasis will be on the metric L p, p > 0.
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The Cesàro summability of orthogonal expansion plays an important role in my past
investigation of approximation properties and in the open questions here.

I hope some mathematicians will pursue the questions mentioned here and that I will see the
proof of some of the conjectures. I am curious to see (but doubt) counter examples to some of
the conjectures given in this article.

2. The Jackson inequality on the sphere

For functions on the unit sphere Sd−1
= {x = (x1 , . . . xd ) : x2

1 + · · · x
2
d = 1} which are in a

normed or quasi-normed space B, I introduced in [22] the moduli of smoothness

ωr ( f, t)B = sup{∥∆r
ρ f ∥B : ρ ∈ SO(d), ρx · x ≥ cos t} (2.1)

where SO(d) is the group of orthogonal matrices whose determinant equals 1, ∆1
ρ f (x) =

∆ρ f (x) = f (ρx)− f (x) and ∆k+1
ρ f (x) = ∆ρ

(
∆k
ρ f (x)

)
for any integer k ≥ 1.

The Jackson inequality on B (when proved) is given by

En( f )B ≤ cωr ( f, 1/n)B (2.2)

where

En( f )B = inf
{
∥ f − ϕ∥B : ϕ ∈ span

( n
∪

k=0
Hk

)}
, (2.3)

Hk = {ϕ : ∆̃ϕ = −k(k + d − 2)ϕ} (the spherical harmonic polynomial of degree k) and ∆̃ is
the Laplace–Beltrami operator (the tangential component of the Laplacian ∆). The Hardy space
Hp(Sd−1) was introduced in [6] and in [7].

Conjecture 2.1. For B = L p(Sd−1), 0 < p < 1 and for the Hardy space B = Hp(Sd−1),
0 < p < 1, (2.2) is valid.

For B = L p(Sd−1), 1 ≤ p ≤ ∞ (2.2) was proved in [23]. For a Banach space B for which
Tρ f (x) = f (ρ x) are continuous isometries, that is

∥Tρ f ∥B = ∥ f ∥B and ∥ f (ρ · )− f ( · )∥B = o(|ρ − I |) as |ρ − I | → 0, (2.4)

(2.2) was proved in [13] (see Theorems 3.4 and 6.3) for even d > 3 and in [15] for odd d ≥ 3 (as
a result of Theorem 6.1 and Lemma 6.4 there together with [13, Theorem 6.3]). One can observe
that the above includes the establishment of (2.2) for the Hardy space H1(Sd−1) and some other
non-rearrangement invariant Banach spaces. For B = L p(Sd−1), 0 < p < 1 and r = 1 (2.2)
was proved in [14]. All these results are partial results of (2.2) and can serve as motivations for
Conjecture 2.1.

Conjecture 2.1 is also motivated by its analogues for functions on T or T d
; that is, (2.2) where

En( f )B is given by

En( f )B = inf(∥ f − ϕn∥B : ϕn a trigonometric polynomial of degree ≤ n) (2.5)

and ωr ( f, t)B are the classical moduli of smoothness i.e.

ωr ( f, t)B = sup
|h|≤t
∥∆r

h f (x)∥B , ∆r
h f (x) =

r∑
k=0

(
r
k

)
(−1)k f

(
x+

(r
2
− k

)
h
)
. (2.6)

For such En( f )B and ωr ( f, t)B when B = L p(T ) or B = L p(T d ), 0 < p < 1, (2.2) was
proved in [41,42] and [38], and when B = Hp(T ) in [40]. For any Banach space of functions on
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