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Abstract

We prove an analogue of the classical Bernstein theorem concerning the rate of polynomial approxima-
tion of piecewise analytic functions on a compact subset of the real line.
c⃝ 2018 Elsevier Inc. All rights reserved.

MSC: 30C10; 30E10

Keywords: Polynomial approximation; Green’s function; Piecewise analytic function

1. Introduction and the main result

Let E ⊂ R be a compact subset of the real line R and let Pn be the set of all (real) polynomials
of degree at most n ∈ N := {1, 2, . . .}. Also, let for x0 ∈ E and α > 0,

En(|x − x0|
α, E) := inf

p∈Pn
sup
x∈E

| |x − x0|
α

− p(x)|.

The starting point of our analysis is the classical Bernstein theory [6,8,7]. According to this
theory, for any x0 ∈ (−1, 1) and α > 0, where α is not an even integer, there exists a finite
nonzero limit

lim
n→∞

nαEn(|x − x0|
α, [−1, 1]) := (1 − x2

0 )α/2σα.
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The question as to what happens to the best polynomial approximations for a general set E ⊂ R
is investigated in monographs [16] and [15, Chapter 10] where the reader can also find a
comprehensive survey of this subject.

Now, we consider E to be a set in the complex plane C and use the notions of potential theory
in the plane (see [13,14] for details). Let E be non-polar, i.e., be of positive (logarithmic) capacity
cap(E) > 0 and let gC\E (z) = gC\E (z, ∞), z ∈ C \ E be the Green function of C \ E with pole
at infinity, where C := C ∪ {∞} is the extended complex plane.

Our main objective is to prove the following result.

Theorem 1. Let x0 ∈ E ⊂ R. If for some α > 0,

lim sup
n→∞

nαEn(|x − x0|
α, E) > 0, (1.1)

then

sup
z∈C\E

gC\E (z)

|z − x0|
< ∞. (1.2)

Comparing Theorem 1 with [4, Corollary 1] we obtain the following result.

Theorem 2. Let x0 ∈ E ⊂ R. Then for any α > 0, which is not even integer,

lim inf
n→∞

nαEn(|x − x0|
α, E) > 0

if and only if (1.2) holds.

For the geometry of E satisfying (1.2), we refer the reader to [9,15,10,3] and the many references
therein.

2. Auxiliary results

In this section we assume that

E =

m⋃
j=1

[a j , b j ], x0 ∈

m⋃
j=1

(a j , b j ) =: Int(E),

where −1 = a1 < b1 < a2 < · · · < bm−1 < am < bm = 1, m > 1.

It is known (for example, see [17, pp. 224–226], [5, pp. 409–412] or [2]) that there exists a
conformal mapping w = F(z) = FE (z) of the upper half-plane H := {z : ℑz > 0} onto the
domain

G = G E = {z : 0 < ℜz < π,ℑz > 0} \ ∪
m−1
j=1 [u j , u j + iv j ],

where 0 =: u0 < u1 < u2 < · · · < um−1 < um := π and v j > 0, j = 1, . . . , m − 1, which can
be extended continuously to H satisfying the following boundary correspondence

F(∞) = ∞, F((−∞, −1]) = {z : ℜz = 0, ℑz ≥ 0},

F([1, ∞)) = {z : ℜz = π, ℑz ≥ 0},

F([a j , b j ]) = [u j−1, u j ], j = 1, . . . , m,

F([b j , a j+1]) = [u j , u j + iv j ], j = 1, . . . , m − 1.

Moreover,

gC\E (z) = ℑ(F(z)), z ∈ H,

πµE ([a, b]) = |F([a, b] ∩ E)|, [a, b] ⊂ [−1, 1],
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