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Abstract

We show that there are minimal graphs in Rt whose intersection with the portion of the horizontal
hyperplane contained in the unit ball has any prescribed geometry, up to a small deformation. The proof
hinges on the construction of minimal graphs that are almost flat but have small oscillations whose geometry
we can control.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Let us consider minimal graphs on the unit ball B” of R”. More precisely, let # be a function
satisfying the equation

. Vu
div (7> =0 (1)
V1+|Vul?
in B". This is equivalent to saying that the graph of u,
Y= {(x, u(x)):x GB”}

is a minimal hypersurface of R"*1.
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Area bounds for minimal graphs play a key role in the theory of minimal surfaces. Since X, is
a global minimizer of the area functional among the surfaces with fixed boundary, if u is bounded
on B” it is clear that the n-dimensional Hausdorff measure 7" (X,,) is bounded by a non-uniform
constant that depends on the oscillation of u, oscu := maxp» u — ming» . On the contrary, if we
just specify the value of the oscillation of u, we can consider a hyperplane of slope *5*, which
is a minimal hypersurface whose area " (%,) is bounded from below by a constant increasing
as oscu. Therefore, there is not a uniform estimate holding for the area of minimal graphs on B".

Our objective in this note is to explore the non existence of a higher-codimension analog of
the uniform estimate. We will be interested in bounds for the (n — 1)-dimensional Hausdorff
measure of the hypersurface, or rather of its transverse intersection with a hyperplane. To this
end, let us denote by IT the portion of the horizontal hyperplane that is contained in the unit ball
of R*+1:

H::{xeR"+12xn+] =07 |X|<1}

Actually, our goal is to show a more general result claiming that we can prescribe the geometry
of the intersection of a minimal graph on B" with IT, up to a small deformation:

Theorem 1. Let S be a compact, connected, properly embedded, orientable hypersurface of B"
with nonempty boundary. Then, for any integer k and € > 0, there is a minimal graph over the
unit n-ball and an open subset TI' C T1 such that the intersection ¥, NTI is given by ®(S),
where @ : I1 — I1 is a diffeomorphism with || ® —id| o« < €.

If one chooses S to be a compact hypersurface of B” with area H"~!(S) > ¢ and € is small
enough, the immediate corollary is a codimension 1 analog of the existence of minimal graphs
with arbitrarily large area:

Theorem 2. The (n — 1)-dimensional measure of the transverse intersection of a minimal graph
over the unit n-ball with a hyperplane is not uniformly bounded. Specifically, given any con-
stant c, there is some u satisfying the Equation (1) for which X, and T1 intersect transversally
but

H Nz, NI >c.

Of course, the reason for which transverse intersections are considered is that for u := O (that
is, ¥, = IT) one trivially has H"~!(X, N IT) = oo. This fact strongly suggests that Theorem 2
should hold for graphs that are a small perturbation of the hyperplane, but the passage from this
heuristic argument to an actual proof is nontrivial.

These minimal graphs with micro-oscillations play the opposite role with respect to area
bounds that hyperplanes. Even hyperplanes with arbitrarily large n-measure do not have larger
(n — 1)-measure of its intersection with IT than the diameter of the ball. Our construction of
minimal graphs leads to arbitrarily large (n — 1)-measure of the transverse intersection but with
n-measure less than twice the area of the ball.

The key point of Theorem 1 is that it can be analyzed in the linear regime of the minimal
surface equation. In fact, the strategy that we have used to prove it (see Section 2) is to construct
harmonic functions v on the ball that are small in a C¥ norm and whose zero set v—!(0) contains
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