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Abstract

In this paper we study the existence of weak solutions to initial boundary value problems of lin-
ear and semi-linear parabolic equations with mixed boundary conditions on non-cylindrical domains ⋃

t∈(0,T ) �(t) × {t} of spatial-temporal space RN × R. In the case of the linear equation, each boundary 
condition is given on any open subset of the boundary surface � = ⋃

t∈(0,T ) ∂�(t) × {t} under a condition 
that the boundary portion for Dirichlet condition �0 ⊂ � is nonempty at any time t . Due to this, it is dif-
ficult to reduce the problem to the one on a cylindrical domain by diffeomorphism of the spatial domains 
�(t). By a transformation of the unknown function and the penalty method, we connect the problem to a 
monotone operator equation for functions defined on the non-cylindrical domain. We are also concerned 
with a semilinear problem when the boundary portion for Dirichlet condition is cylindrical.
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1. Introduction

Let �(t) be bounded connected domains of RN and Q = ⋃
t∈(0,T ) �(t) × {t}, 0 < T < ∞. 

We are concerned with the initial boundary value problems of linear and semi-linear parabolic 
equations on the non-cylindrical domains 

⋃
t∈(0,T ) �(t) × {t} with mixed boundary conditions 

on the boundary surfaces � = ⋃
t∈(0,T ) ∂�(t) ×{t}. In the special case such that Q = � × (0, T ), 

portions of ∂� × (0, T ) for boundary conditions may be non-cylindrical surfaces which means 
that the boundary portions are not expressed by � × (0, T ) with some � ⊂ ∂�.

There are a lot of papers devoted to the study of parabolic differential equations on non-
cylindrical domains of spatial-temporal space and various methods have been used for this. In 
[6] for a linear equation with homogeneous Dirichlet boundary condition the energy inequality 
is obtained, and the unique existence of a solution is proved. For the linear (cf. [10], [15] and 
[16]), semilinear (cf. [14]) and nonlinear (cf. [15]) equations on domains expanding in time, the 
existence and uniqueness of solutions to the initial boundary value problems with homogeneous 
Dirichlet boundary condition are studied. For such a domain and the boundary condition [14]
also deals with an attractor of a semilinear heat equation and [2] shows the unique existence of 
a solution to a linear Schrödinger-type equation. Dealing with the Dirichlet condition, authors of 
[3] assume only Hölder continuity in time of the boundary. In [26] a semigroup-theoretical result 
is obtained and the result is applied to the initial boundary value problem of a linear parabolic 
equation with inhomogeneous Dirichlet boundary condition on a non-cylindrical domain. Ap-
plying the potential method, some authors study the unique existence of solutions to the initial 
boundary value problems of linear equations (see [8] and references therein). Domains in [21]
and [22], where existence, uniqueness and regularity are studied, are more general, that is, “ini-
tial” condition is given on a hypersurface of spatial-temporal space instead of the plane t = 0. In 
[18] the optimal regularity of solution to a special kind of 1-dimensional problem is considered. 
Neumann problem of the heat equations (cf. [12]) and Robin problem of a parabolic equation 
(cf. [13]) on the non-cylindrical domains are studied. In [24] and [27] an optimal control and 
controllability of parabolic equations with homogenous Dirichlet condition on non-cylindrical 
domains, respectively, are studied.

Also, there are many papers for the initial boundary value problems with mixed boundary 
conditions.

The initial boundary value problems of linear parabolic equations with mixed time dependent 
lateral boundary conditions on cylindrical domains are studied (cf. [4], [5], [29]). The boundary 
conditions on the lateral surfaces in [4] may be two among Dirichlet, Neumann and Robin con-
ditions, but the boundary portion for a kind of boundary condition is a connected and relatively 
open subset of the lateral surface and the boundary of the portion is tangent to the plane t = 0. 
The first part of [5] is concerned with a classical problem on cylindrical domains and the result is 
applied to the problem with zero initial condition and lateral mixed boundary conditions. In [5]
the lateral boundary surface is also divided into two non-cylindrical portions and one portion is 
a relatively open connected subset of the boundary surface and at each point of the portion it is 
transverse to the plane t = const , and the non-cylindrical portions are transformed to cylindrical 
ones by a diffeomorphism. In [29] first the linear parabolic problems on cylindrical domains with 
mixed variable inhomogeneous Dirichlet and Neumann conditions are studied. Here the change 
in time of distances of the sections at times t of the boundary portion for Dirichlet condition must 
be dominated by a Lipschitz continuous function in time t . In [29] then as an application of the 
result the unique existence of solution to a linear parabolic problem with homogeneous Dirichlet 
boundary condition on non-cylindrical domains is obtained.
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