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Abstract

We consider a thermodynamic model for fatigue accumulation in an oscillating elastoplastic plate based 
on the two hypotheses that the fatigue accumulation rate is proportional to the plastic part of the dissipation 
rate and that the material can partially recover by the effect of melting. For the full model, consisting of the 
momentum and energy balances, an evolution equation for the fatigue rate and a differential inclusion for 
the phase dynamics, we prove existence of a solution in the given time interval.
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1. Introduction

The present paper constitutes another step of a project that the authors started in 2012 in coop-
eration with Pavel Krejčí. The aim of the project has been to propose a new model for the cyclic 
fatigue accumulation in transversally oscillating elastoplastic structures (beams and plates) and 
to study its properties. The starting point has been the work done in [21] (see also [23]). In this 
paper, the Kirchhoff-Love method of reducing the 3D problem of transversal oscillations of a 
solid elastoplastic beam with the single yield von Mises plasticity law has been used to obtain 
the beam equation with a multiyield hysteresis Prandtl–Ishlinskii constitutive operator. Starting 
from these ideas, we derived in [6] our new model and showed its thermodynamical consistency. 
From the modeling point of view, the main novelty has been the use of the Prandtl–Ishlinskii 
formalism to discuss the process of cyclic fatigue accumulation, where, accordingly with the 
observation in [5], we assumed a proportionality between accumulated fatigue and dissipated 
energy. This viewpoint is new in the literature; on one hand because we focus on the dynam-
ics of the processes (compared, for instance, with [13], [29], [30] that go into the direction of 
rate-independent damage processes in nonlinear elasticity) and on the other hand because the 
approach used in other papers that interpret damage processes as a kind of phase transition in the 
material (see for instance [1], [2], [3], [28]) is based on the idea that damage processes are driven 
by large deformations.

The mathematical treatment of our new model started from the paper [7], where we dealt with 
the case of an oscillating elastoplastic plate assuming that both the elastic and the plastic char-
acteristics change with increasing fatigue, under the simplified situation of given temperature 
history. In this case we obtained existence and uniqueness of a solution locally in time; accord-
ingly to the model indeed, material softening takes place under increasing fatigue and material 
failure is manifested in finite time.

From [8], we started dealing with the non-isothermal case. The full system of equations 
consisted of the momentum balance equation coupled with the energy balance and the fatigue 
accumulation equation. In [8], where we treated the 1D case (beam), we showed existence and 
uniqueness of a strong solution in a time interval depending on the size of the data, in the sim-
plified setting where only the elastic component of the model depends on the fatigue parameter. 
The extension to the 2D case (plate) has been considered in [9], where we proved existence of 
solutions for the whole time interval, taking a different perspective (usually considered in en-
gineering analysis), i.e. assuming that the fatigue accumulation rate is proportional only to the 
plastic part of the dissipation rate. From the mathematical viewpoint, the problem does not ex-
hibit singularities anymore and the expected solutions turn to be global in time.

Fatigue accumulation in a moving elastoplastic material in contact with an elastoplastic ob-
stacle was studied in [11]. We used a new approach, suggested in the recent papers [17], [18], 
where the problem for the unknown displacement and temperature is formulated using hysteresis 
operators as solution operators of the underlying variational inequalities to model the contact 
boundary conditions. The plastic deformation of elastoplastic bodies in contact dissipates energy 
which is transformed into heat. This in turn increases the temperature of the body and, by thermal 
expansion, the motion of the body is affected. The existence result for this problem, consisting 
of the momentum and energy balance equations and an evolution equation for the fatigue is ob-
tained, using a priori estimates established for the space discretized problem. The uniqueness 
result follows from the Lipschitz continuity of the nonlinearities.

From [15], [4] we pursued the study of fatigue accumulation in oscillating elastoplastic struc-
tures by presenting a new phase field model under the additional hypothesis that the material can 
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