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Abstract

An important point in looking for period solutions of the Camassa–Holm equation is to understand the 
associated spectral problem

y′′ = 1

4
y + λm(t)y.

The first aim of this paper is to study the dependence of eigenvalues for the periodic Camassa–Holm 
Equation on potentials as an infinitely dimensional parameter. To be precise, we prove that as nonlinear 
functionals of potentials, eigenvalues for the periodic Camassa–Holm Equation are continuous in potentials 
with respect to the weak topologies in the Lp Lebesgue spaces. The second aim of this paper is to find the 
optimal lower bound of the lowest eigenvalue for the periodic Camassa–Holm Equation when the L1 norm 
of potentials are given. In order to make our results more applicable, we will find the optimal lower bound 
for the lowest eigenvalue in the more general setting of measure differential equations.
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1. Introduction

The Camassa–Holm equation

ut − uxxt + 3uux = 2uxuxx + uuxxx (1.1)

was derived in [2,3] to describe the motion of solitary waves on shallow water. During the last 
two decades, many important and interesting results have been obtained for the Camassa–Holm 
equation. See [1,2,7,8,14,17,21] and the references therein. In looking for spatially periodic so-
lutions of (1.1), a key point is to understand the associated spectral problem

y′′ = 1

4
y + λm(t)y, (1.2)

with the periodic boundary condition

y(0) = y(1), y ′(0) = y′(1), (1.3)

where m = u −uxx is the potential. The spectrum of (1.2)–(1.3) is the set of those values of λ ∈R

for which problem (1.2)–(1.3) has a nontrivial solution. While the solution of the Camassa–Holm 
equation (1.1) evolves in a complicated way, the periodic (and antiperiodic) spectra remain un-
changed (see the discussions in [2]). A quite complete picture of the spectrum for m ∈ C1[0, 1]
was given in [10]. Using a different method from that in [10], it was shown in [6] that the results 
in [10] can be adapted to the general and natural case m ∈ C := C[0, 1], the space of continuous 
functions on [0, 1]. More information about the oscillation of eigenfunctions was also obtained 
in [6]. It was shown in [9] that the potential can also be constructed from the periodic spectrum. 
We also refer to [11–13] for recent results on the isospectral problems and the corresponding 
inverse spectral problems of the Camassa–Holm equation.

In this paper, we consider the problem (1.2)–(1.3) for with m ∈ C−, where

C− = {m ∈ C : m(t) ≤ 0, m(t) �≡ 0}.

In this case, it follows from [6] that problem (1.2)–(1.3) has a sequence of eigenvalues

0 < λ0(m) < λ1(m) ≤ λ2(m) < · · · < λ2k−1(m) ≤ λ2k(m) < · · · ,

satisfying limk→∞ λk(m) = +∞. Moreover, the lowest eigenvalue λ0(m) is simple. However, 
for k ∈N, λ2k−1(m) and λ2k(m) may have multiplicity of 2.

The first aim of this paper is to study the dependence of eigenvalues {λk(m)} on potentials m as 
an infinitely dimensional parameter. To be precise, we will prove that for each k ∈ Z

+ := {0} ∪N, 
as a nonlinear functional of potentials m ∈ C−, eigenvalue λk(m) is continuous in m when the 
weak topology w1 inherited from the weak topology of the Lebesgue space L1 := L1([0, 1]) is 
considered. See [4,22] for the weak topology of the Lebesgue space L1. For the precise statement 
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