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Abstract

This paper studies the heat equation ut = �u in a bounded domain � ⊂ R
n(n ≥ 2) with positive initial 

data and a local nonlinear Neumann boundary condition: the normal derivative ∂u/∂n = uq on partial 
boundary �1 ⊆ ∂� for some q > 1, while ∂u/∂n = 0 on the other part. We investigate the lower bound 
of the blow-up time T ∗ of u in several aspects. First, T ∗ is proved to be at least of order (q − 1)−1 as 
q → 1+. Since the existing upper bound is of order (q − 1)−1, this result is sharp. Secondly, if � is convex 
and |�1| denotes the surface area of �1, then T ∗ is shown to be at least of order |�1|− 1

n−1 for n ≥ 3 and 
|�1|−1/ ln

(|�1|−1) for n = 2 as |�1| → 0, while the previous result is |�1|−α for any α < 1
n−1 . Finally, 

we generalize the results for convex domains to the domains with only local convexity near �1.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

1.1. Problem and notations

In this paper, unless otherwise stated, � represents a bounded open subset in Rn (n ≥ 2) with 
C2 boundary ∂�. �1 and �2 denote two disjoint relatively open subsets of ∂�. ∂�1 = ∂�2 � �̃

is a common C1 boundary of �1 and �2. Moreover, �1 �= ∅ and ∂� = �1 ∪ �̃∪�2. We study the 
following problem: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ut (x, t) = �u(x, t) in � × (0, T ],
∂u(x,t)
∂n(x)

= uq(x, t) on �1 × (0, T ],
∂u(x,t)
∂n(x)

= 0 on �2 × (0, T ],
u(x,0) = u0(x) in �,

(1.1)

where

q > 1, u0 ∈ C1(�), u0(x) ≥ 0, u0(x) �≡ 0. (1.2)

The normal derivative in (1.1) is understood in the following way: for any (x, t) ∈ ∂� × (0, T ],
∂u(x, t)

∂n(x)
� lim

h→0+(Du)(xh, t) · −→n (x), (1.3)

where Du denotes the spatial derivative of u, −→n (x) denotes the exterior unit normal vector at 
x and xh � x − h

−→
n (x) for x ∈ ∂�. Since ∂� is C2, xh belongs to � when h is positive and 

sufficiently small.
Throughout this paper, we write

M0 = max
x∈�

u0(x) (1.4)

and denote M(t) to be the supremum of the solution u to (1.1) on � × [0, t]:

M(t) = sup
(x,τ )∈�×[0,t]

u(x, τ ). (1.5)

|�1| represents the surface area of �1, that is

|�1| =
∫
�1

dS(x),

where dS(x) means the surface integral with respect to the variable x. � refers to the fundamental 
solution to the heat equation:

�(x, t) = 1

(4πt)n/2 exp
(

− |x|2
4t

)
, ∀ (x, t) ∈ R

n × (0,∞). (1.6)
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