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Abstract

In this paper, we consider the half-space problem for a parabolic–hyperbolic system arising from tumor 
angiogenesis. Under a mixed type boundary condition, we construct the Green’s function for half-space 
problem by relating it with fundamental solution for an initial value problem. After differential equation 
method for the boundary operator and proper estimates for additional exponential factors generated by 
the asymmetry of characteristics, one reduces the Green’s function (for initial-boundary value problem) 
into fundamental solution (for Cauchy problem) which could be estimated by singularity removal, long 
wave-short wave decomposition and weighted energy method outside cone. We finally obtain the pointwise 
estimate for Green’s function which results in the pointwise convergence rate for nonlinear problem. The 
Green’s function constructed is precise enough to avoid a priori estimate for derivatives by energy method. 
The half space problem studied here is a main ingredient for future study of shock profile with presence of 
boundary.
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1. Introduction

The following parabolic–hyperbolic system:

{
ut − χ(uv)x = Duxx,

vt − ux = 0,
(1.1)

is obtained from the PDE–ODE hybrid model

{
ut = (Dux − ξu(ln c)x)x,

ct = −μuc
(1.2)

after a Cole–Hopf type transformation

v = − 1

μ
(ln c)x, (1.3)

with χ ≡ ξμ. In the biological model (1.2), the unknown functions u(x, t) and c(x, t) denote 
the density of vascular endothelial cells and concentration of vascular endothelial growth factor 
respectively. In (1.2), the parameter D > 0 is the diffusivity of endothelial cells, ξ > 0 is the 
chemotactic coefficient measuring the intensity of chemotaxis and μ denotes the degradation rate 
of the chemical c. More backgrounds and the treatment of the singular logarithmic sensitivity in 
(1.2) by the Cole–Hopf transformation (1.3) could be found in [1,11–13,15,16,30,32].

In this paper, we consider the system (1.1) in half space x > 0. We are interested in the 
boundary effect when the initial functions are small perturbations of the constant state (u+, v+), 
which satisfies

u+ > 0, v+ ≤ 0 (1.4)

for the biological meaning coming from the original system (1.2). We denote the initial functions 
as follows:

(u, v)(x,0) ≡ (u0, v0)(x), (1.5)

and a mixed type boundary condition is posed:

a1u(0, t) + a2ux(0, t) = a1u+. (1.6)

Most previous works for this chemotaxis model are considered in whole space or bounded 
domain. For the bounded domain, attractive and repulsive chemotaxis are considered in [8,18,
31,34]. In [34], global existence of the small perturbation for (1.1) on the bounded interval (0, 1)

under Dirichlet boundary condition is obtained. In [18,31], the viscous system for repulsive 
chemotaxis (adding viscous term in the second equation of (1.2) and with ξ < 0) is considered on 
(0, 1) under Dirichlet boundary condition and Neumann boundary condition and both existence 
of global solutions and exponentially decaying rates of the solutions are obtained for large per-
turbation problem. In [8], (1.2) with ξ < 0 and its viscous system are considered on (0, 1) under 
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