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Abstract

The Gevrey hypoellipticity of a class of “sums of squares” with real analytic coefficients is studied in 
detail.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

The purpose of this paper is to discuss the Gevrey hypoellipticity properties of three model 
operators that are sums of squares of vector fields in four dimensions. The operators have analytic 
coefficients and verify the Hörmander condition: the Lie algebra generated by the vector fields 
as well as by their commutators has, in every point, dimension equal to the dimension of the 
ambient space. Hence in view of the celebrated Hörmander theorem, [10], the operators are 
C∞-hypoelliptic.

Let P(x; D) = ∑k
1 X2

j (x, D), Xj(x, D) vector fields with real analytic coefficients on � open 
subset Rn. We say that P is C∞ (Gr)-hypoelliptic, r ≥ 1, in � if for every U open subset of �
and every u ∈ D ′ (U), Pu ∈ C∞(U) (Gr(U)) implies u ∈ C∞(U) (Gr(U)). When r = 1 we say 
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that P is analytic hypoelliptic. We recall that Gr(U) denotes the r-Gevrey class of function on 
U : a C∞-function, f , on U belongs to Gr(U), 1 ≤ r ≤ ∞, if for every K compact subset of U
there is a constant CK such that |∂αf (x)| ≤ C

|α|+1
K (α!)r for every α ∈ N

n and x ∈ K .
Derridj showed in [8] that for P as above, the Hörmander condition is necessary for the 

analytic hypoellipticity but it is not sufficient. An example of operator sum of squares of real 
analytic vector fields satisfying the Hörmander condition but not analytic hypoelliptic was given 
by Baouendi and Goulaouic in [3]. At the present, there aren’t general analytic hypoellipticity 
results. Some results, in this direction, were obtained by Treves, [14], Tartakoff, [13], and Albano 
and Bove, [1]. For completeness, we recall that, with regard to the Gevrey regularity, if no addi-
tional assumption is made on the operator P , the (local) optimal characterization was obtained 
by Derridj and Zuily, [9]. In 1999 Treves formulated a conjecture which related the analytic 
hypoellipticity with geometrical properties of the characteristic variety of P , see [15] and [16].

In recent papers Albano, Bove and Mughetti, [2], and Bove and Mughetti, [4], showed that 
the sufficient part of the Treves’ conjecture does not hold neither locally nor microlocally. More 
precisely in [2] and [4] the authors produced and studied the first models which are not consistent 
with the Treves conjecture, [16]. However, contrary to the cases of [2] and [4], the operators stud-
ied here have no exceptional strata because the symbols do not depend on the tangent variables 
of the “inner most” stratum.

Our results can be stated as follows:

Theorem 1.1. Let P1(x, D) the sum of squares given by
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where p, q, r, k and � are positive integers such that p < q < r and pk < � and P2(x, D) the 
sum of squares given by
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where p, q, r, k and � are positive integers such that p < q < r and qk < �. We have:

i) P1(x, D) is Gs -hypoelliptic with s = sup
{

r+kp
q

, r
p

}
.

ii) P2(x, D) is Gs -hypoelliptic with s = r+kq
p

.

The strategy used to obtain the above results shows, without particular technical trouble, that:

Remark 1.1. If pk ≥ � then P1 is Gs -hypoelliptic with s = sup
{

r+�
q

, r
p

}
and P2 is Gs -hypo-

elliptic with s = r+�
p

.

We recall that by the result of Derridj and Zuily, [9], P1 is (r + kp)-Gevrey hypoelliptic and 
P2 is (r + kq)-Gevrey hypoelliptic when kq < � and they are both (r + �)-Gevrey hypoelliptic 
when kp ≥ �.

Theorem 1.2. Let the operator P3(x, D) be given by
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