
JID:YJDEQ AID:9219 /FLA [m1+; v1.279; Prn:20/02/2018; 14:37] P.1 (1-28)

Available online at www.sciencedirect.com

ScienceDirect

J. Differential Equations ••• (••••) •••–•••
www.elsevier.com/locate/jde

Global bifurcation of solutions of the mean curvature 

spacelike equation in certain 

Friedmann–Lemaître–Robertson–Walker spacetimes ✩

Guowei Dai a,∗, Alfonso Romero b, Pedro J. Torres c

a School of Mathematical Sciences, Dalian University of Technology, Dalian, 116024, PR China
b Departamento de Geometría y Topología, Universidad de Granada, 18071 Granada, Spain
c Departamento de Matemática Aplicada, Universidad de Granada, 18071 Granada, Spain

Received 29 November 2017

Abstract

We study the existence of spacelike graphs for the prescribed mean curvature equation in the Friedmann–
Lemaître–Robertson–Walker (FLRW) spacetime. By using a conformal change of variable, this problem is 
translated into an equivalent problem in the Lorentz–Minkowski spacetime. Then, by using Rabinowitz’s 
global bifurcation method, we obtain the existence and multiplicity of positive solutions for this equation 
with 0-Dirichlet boundary condition on a ball. Moreover, the global structure of the positive solution set is 
studied.
© 2018 Elsevier Inc. All rights reserved.

MSC: 35B32; 53A10; 35B40; 53B30; 53C50

Keywords: Bifurcation; Mean curvature spacelike equation; Positive solution; Friedmann–Lemaître–Robertson–Walker 
spacetime

✩ The first author is supported by NNSF of China (No. 11401477), the Fundamental Research Funds for the Central 
Universities (No. DUT17LK05) and Xinghai Youqing funds from Dalian University of Technology, the second one by 
Spanish MINECO Grant with FEDER funds MTM2016-78807-C2-1-P and the third author by Spanish MICINN Grant 
with FEDER funds MTM2014-52232-P.

* Corresponding author.
E-mail addresses: daiguowei @dlut .edu .cn (G. Dai), aromero @ugr.es (A. Romero), ptorres @ugr.es (P.J. Torres).

https://doi.org/10.1016/j.jde.2018.02.014
0022-0396/© 2018 Elsevier Inc. All rights reserved.

http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2018.02.014
http://www.elsevier.com/locate/jde
mailto:daiguowei@dlut.edu.cn
mailto:aromero@ugr.es
mailto:ptorres@ugr.es
https://doi.org/10.1016/j.jde.2018.02.014


JID:YJDEQ AID:9219 /FLA [m1+; v1.279; Prn:20/02/2018; 14:37] P.2 (1-28)

2 G. Dai et al. / J. Differential Equations ••• (••••) •••–•••

1. Introduction and main results

Let I ⊆ R be an open interval endowed with the (negative definite) metric −dt2. Denote by 
M the (N + 1)-dimensional product manifold I × R

N with N ≥ 1 endowed the Lorentzian 
metric

g = −dt2 + f 2(t)dx2, (1.1)

where f ∈ C∞(I ), f > 0, is called the scale factor or warping function. Clearly, M is a 
Lorentzian warped product, in the sense of [21], with base 

(
I,−dt2

)
, fiber 

(
R

N,dx2
)

and warp-
ing function f . This type of spacetimes plays a central role in General Relativity. For dimM = 4, 
t may be interpreted as the relative time of a family of privileged observers, the so-called co-
moving observers, and for them the quantity f (t) is the radius of their spatial universe at time t . 
Then, the positive (resp. negative) sign of f ′(t) indicates that these observers perceive expansion 
(resp. contraction) at a given time t . Moreover, for warping functions close to 1, the correspond-
ing spacetime M may be thought as a deformation of the Lorentz–Minkowski spacetime, so 
these spacetimes are good candidates to explore stability of physical properties expressed for an
empty universe in terms of the Lorentz–Minkowski spacetime. In this paper, we will refer M as 
a (flat fiber) Friedmann–Lemaître–Robertson–Walker (FLRW) spacetime. More generally, if the 
fiber of M is changed to an N -dimensional Riemannian manifold of constant sectional curvature 
we arrive to the notion of (general) FLRW spacetime.

In the four dimensional case, FLRW spacetimes have been useful to obtain exact solutions 
of Einstein’s field equations of General Relativity because they describe spatially homogeneous 
and isotropic (expanding or contracting) universes. These geometric properties are in complete 
agreement with the experience and, therefore, these models have been useful to describe the large 
scale of the universe from the point of view of the relativistic cosmology. The pioneering and im-
portant results obtained by the use of FLRW models were first derived by Friedmann in 1922 and 
1924 [14,15]. In 1927, Lemaître [18] arrived independently at similar results as those of Fried-
mann. Robertson and Walker explored later the problem further during the 1930s [25–27,30]. 
In particular, Robertson rigorously proved that a spatially homogeneous and isotropic space-
time must be locally isometric to an FLRW spacetime in 1935. For more details of FLRW 
spacetimes, see [21, Chapter 12] or the monograph of Choquet-Bruhat [9] and the references 
therein.

Given f ∈ C∞(I ), f > 0, for each u ∈ C∞(�), where � is a domain of RN , such that 
u(�) ⊂ I we can consider its graph M = {

(u(x), x) : x ∈ �
}

in the FLRW spacetime M. The 
graph inherits a metric from (1.1), given by

−du2 + f 2(u)dx2 (1.2)

on �, which is positive definite if and only if u satisfies

|∇u| < f (u) (1.3)

everywhere on �, where ∇u is the gradient of u in RN and |∇u| its length. When the metric (1.2)
is Riemannian, the graph M is called spacelike. In this case, the pointing future unitary normal 
vector field on M is given by
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