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Abstract

In this manuscript, we study geometric regularity estimates for degenerate parabolic equations of p-
Laplacian type (2 < p < 00) under a strong absorption condition:

A,,u——a =xul in Qpr:=Qx0,7T)
i T: ,T),
ot 0

where 0 < g < 1. This model is interesting because it yields the formation of dead-core sets, i.e., regions
where non-negative solutions vanish identically. We shall prove sharp and improved parabolic C* regularity
estimates along the set §o(«, Q7) = d{u > 0} N Q7 (the free boundary), where o = p_lf_q >14 ﬁ
Some weak geometric and measure theoretical properties as non-degeneracy, positive density, porosity and
finite speed of propagation are proved. As an application, we prove a Liouville-type result for entire so-
lutions. A specific analysis for Blow-up type solutions will be done as well. The results are new even for
dead-core problems driven by the heat operator.
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1. Introduction

Throughout the last 40 years a wide class of parabolic equations has been used to model prob-
lems coming from chemical reactions, physical-mathematical phenomena, biological processes,
population dynamics, among others. Some of the main topics approached are reaction—diffusion
processes with one-phase transition. Thus, the existence of non-negative solutions plays an es-
sential role in these studies (cf. [7], [28] and references therein). An enlightening prototype is the
following model of an isothermal catalytic reaction—diffusion process:

Au—3 = fu) in Qr
u(x,t) = g(x,t) on 92 x (0, T) (1.1)
u(x,0) = up(x) in K,

where the boundary data fulfils

0<upeC’Q), gx,N=j>0 and u(x,0)=jVxed.

Here, u represents the concentration of a reactant evolving in time, where Q7 := Q2 x (0, T), Q2 C
R is a regular and bounded domain and f is a non-linear convection term fulfilling f(s) > 0
if s > 0 and f(0) = 0. Moreover, the boundary conditions mean that the reactant is injected
with a constant isothermal flux on the boundary. Recall that in evolution problems when f is
locally Lipschitz, it follows from the Maximum Principle that non-negative solutions must be
strictly positive. However when f is not Lipschitz (or not decaying sufficiently fast) at the origin,
then non-negative solutions may exhibit a plateau region, which is known in the literature as
Dead-Core set, i.e., a region of positive measure where non-negative solutions vanish identically.

Advances in connection with existence theory of dead-core solutions, formation of dead-core
regions and decay estimates at infinity were obtained in [7], [21] and [27]. Other properties of
solutions such as growth of interfaces, shrink and estimates of/on the support and finite extinction
in reaction—diffusion problems together with other qualitative properties may be found in Diaz et
al.’s fundamental articles [1], [3], [16], [17], the Antontsev et al.’s classical book [4], the survey
[15] and references therein. However, the lack of quantitative properties for p-parabolic dead-
core problems constitutes our starting point in this research. In particular, we shall be interested
in the derivation of quantitative results for the following class of parabolic dead-core problems
of p-Laplacian type:

ou q .
APM—EZ)\.()()C,Z‘).M_F()C,Z‘) in Qr, (1.2)

with suitable boundary data, where u; = max{u,0},0<¢g <1, p>2,QC RY is a bounded
smooth domain and g (the Thiele modulus) is bounded away from zero and infinity. We refer
the reader to Section 2 for notation and definitions.
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