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Abstract

In this paper, we establish the existence and uniqueness theorem for solutions of the exterior Dirichlet
problem for Hessian quotient equations with prescribed asymptotic behavior at infinity. This extends the
previous related results on the Monge—Ampere equations and on the Hessian equations, and rearranges
them in a systematic way. Based on the Perron’s method, the main ingredient of this paper is to construct
some appropriate subsolutions of the Hessian quotient equation, which is realized by introducing some
new quantities about the elementary symmetric polynomials and using them to analyze the corresponding
ordinary differential equation related to the generalized radially symmetric subsolutions of the original
equation.
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1. Introduction
In this paper, we consider the Dirichlet problem for the Hessian quotient equation

A(D?
ok (u(D?u)) _ 0
o1(A(D*u))
in the exterior domain R" \ D, where D is a bounded domain in R", n >3,0<[ <k <n,
A(D%u) denotes the eigenvalue vector A := (A, A2, ..., A,) of the Hessian matrix D%y of the
function u, and

o) =1 and o;():= Z Asihsyohs; (V1< j <n)

I<si<sa<...<sj<n

are the elementary symmetric polynomials of the n-vector A. Note that when I =0, (1.1) is the
Hessian equation ox (A(D?u)) = 1; when [ = 0, k = 1, it is the Poisson equation Au = 1, a linear
elliptic equation; when ! = 0, k = n, it is the famous Monge—Ampere equation det(D?*u) = 1; and
when [ =1, k =3, n =3 or 4, it is the special Lagrangian equation o (M(D?u)) = o3(M(D?u))
in three or four dimension (in three dimension, this is det(D?u) = Au indeed) which arises from
the special Lagrangian geometry [17].

For linear elliptic equations of second order, there have been much extensive studies on the
exterior Dirichlet problem, see [28] and the references therein. For the Monge—Ampere equation,
a classical theorem of Jorgens [22], Calabi [3] and Pogorelov [29] states that any convex classical
solution of det(D?u) = 1 in R” must be a quadratic polynomial. Related results was also given
by [10], [4], [32] and [23]. Caffarelli and Li [7] extended the Jorgens—Calabi—Pogorelov theorem
to exterior domains. They proved that if u is a convex viscosity solution of det(D?*u) = 1 in
the exterior domain R” \5, where D is a bounded domain in R", n > 3, then there exist A €
R™" b eR" and ¢ € R such that

limsup |x|" 2
|x|—4o00

< 00. (1.2)

1
u(x) — (ExTAx +bTx + c>

With such prescribed asymptotic behavior at infinity, they also established an existence and
uniqueness theorem for solutions of the Dirichlet problem of the Monge—Ampere equation in
the exterior domain of R”, n > 3. See [14], [15] or [13] for similar problems in two dimension.
Recently, J.-G. Bao, H.-G. Li and Y.-Y. Li [2] extended the above existence and uniqueness the-
orem of the exterior Dirichlet problem in [7] for the Monge—Ampere equation to the Hessian
equation oy (A(D?u)) = 1 with 2 < k < n and with some appropriate prescribed asymptotic be-
havior at infinity which is modified from (1.2). Before them, for the special case that A = ¢l
with ¢g := (C ,’f)_l/ kand C ,’1‘ :=n!/(k!(n — k)!), the exterior Dirichlet problem for the Hessian
equation has been investigated by Dai and Bao in [12]. At the same time, Dai [11] proved the
existence theorem of the exterior Dirichlet problem for the Hessian quotient equation (1.1) with
k —1 > 3, and with the prescribed asymptotic behavior at infinity of the special case that A = ¢/,
that is,

lim sup |x|k_l_2 ‘u(x) — (%M2 +c)‘ < 00, (1.3)
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