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Abstract

In this paper, we find that the unbounded spaces Yσ (RN) (0 < σ < 2
m−1 ) can provide the work spaces 

where complicated asymptotic behavior appears in the solutions of the Cauchy problem of the porous 
medium equation. To overcome the difficulties caused by the nonlinearity of the equation and the unbounded 
solutions, we establish the propagation estimates, the growth estimates and the weighted L1–L∞ estimates 
for the solutions.
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1. Introduction

In this paper, we consider the complicated asymptotic behavior of solutions for the Cauchy 
problem of the porous medium equation

∂u

∂t
− �um = 0 in R

N × (0,∞), (1.1)

u(x,0) = u0(x) in R
N, (1.2)

where m > 1 and the nonnegative initial data u0 ∈ Yσ (RN) ≡ {ϕ ∈ C(RN) : lim|x|→∞(1 +
|x|2)− σ

2 ϕ(x) = 0}.
For solutions of some evolution equations, the complicated asymptotic behavior occurring 

or not mainly depends on the work spaces where the initial data belong to, see [1–6]. Consider 
the problem (1.1)–(1.2). When the nonnegative initial data u0 ∈ L1(RN), it is well-known that 
the solutions u(x, t) converge to the Barenblatt solution UM in L1(RN) as t → ∞ [7]. While 
if u0 ∈ L∞(RN), it was first found in 2002 by Vázquez and Zuazua that the bounded space 
L∞(RN) can provide the work space where complicated asymptotic behavior of rescaled solu-

tions u(t
1
2 x, t) may take place [8]. In our previous papers [9–12], we proved that the rescaled 

solutions tμu(tβx, t) (μ, β > 0) for the problem (1.1)–(1.2) may present complicated asymp-
totic behavior in the bounded space C0(R

N) by using the L1–L∞ estimates [3] and the finite 
propagation properties [13] for the bounded solutions of the problem (1.1)–(1.2) with the ini-
tial data u0 ∈ C0(R

N). Since 2003, Cazenave, Dickstein and Weissler [14–17] gave a series of 
results about the complicated asymptotic behavior of solutions for the Cauchy problem of heat 
equation in some bounded spaces by using the integral expressions of solutions, the linearity of 
equation and some well-known estimates about the solutions. For other evolution equations, the 
complicated asymptotic behavior of solutions in some bounded spaces had also been investigated 
in many papers, see [18–21].

Note that the problems about the complicated asymptotic behavior of solutions in the above 
works are only considered in some bounded spaces. It follows from the existence theory for the 
porous medium equations [22,23] that the solutions of the problem (1.1)–(1.2) are global even 
if the initial data belong to some unbounded spaces. Hence the complicated asymptotic behavior 
of solutions for the porous medium equations may occur in such unbounded spaces. Our interest 
here is to investigate the complicated asymptotic behavior of solutions for the problem (1.1)–(1.2)
in the unbounded spaces Yσ (RN) with 0 < σ < 2

m−1 . These spaces can contain functions with 
polynomial growth. So, the solutions u(x, t) of (1.1)–(1.2) with initial data u0 ∈ Yσ (RN) may 
be unbounded solutions. To overcome the difficulties caused by the unbounded solutions and the 
nonlinearity of equation (1.1), we need to estimate the propagation rate and the growth rate for the 
solutions in some weighted spaces, and give the weighted L1–L∞ estimates for the solutions by 
following the well-known Moser’s ideas which had been successfully used to prove the existence 
of weak solutions for the problem (1.1)–(1.2) [22]. Form these, we can get that there exists 
a function φ ∈ Yσ (RN) such that the ω-limit set ωμ,β

σ (u0) = Y+
σ (RN) for some μ, β , where 

ω
μ,β
σ (u0) ≡ {f ∈ Yσ (RN); ∃tn → ∞ s.t. t

μ
2

n u(t
β
n ·, tn) tn→∞−−−−→ f in Yσ (RN)}, Y+

σ (RN) ≡ {ϕ ∈
Yσ (RN); ϕ ≥ 0 and ϕ(0) = 0} and u(x, t) is the solution of the problem (1.1)–(1.2) with the 
initial data u0(x) = φ(x). So the unbounded spaces Yσ (RN) can provide the work spaces where 



Download English Version:

https://daneshyari.com/en/article/8898808

Download Persian Version:

https://daneshyari.com/article/8898808

Daneshyari.com

https://daneshyari.com/en/article/8898808
https://daneshyari.com/article/8898808
https://daneshyari.com

