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Abstract

This paper is concerned with the periodic solutions for the one dimensional nonlinear wave equation
with either constant or variable coefficients. The constant coefficient model corresponds to the classical
wave equation, while the variable coefficient model arises from the forced vibrations of a nonhomogeneous
string and the propagation of seismic waves in nonisotropic media. For finding the periodic solutions of
variable coefficient wave equation, it is usually required that the coefficient u(x) satisfies ess inf 7, (x) > 0

" ’ 2
with n,(x) = %”7 - % ("7) , which actually excludes the classical constant coefficient model. For the

case 71y (x) = 0, it is indicated to remain an open problem by Barbu and Pavel (1997) [6]. In this work,
for the periods having the form 7 = 2p=1 (p, g are positive integers) and some types of boundary value
conditions, we find some fundamental properties for the wave operator with either constant or variable
coefficients. Based on these properties, we obtain the existence of periodic solutions when the nonlinearity
is monotone and bounded. Such nonlinearity may cross multiple eigenvalues of the corresponding wave
operator. In particular, we do not require the condition ess inf 7, (x) > 0.

© 2018 Elsevier Inc. All rights reserved.

Keywords: Periodic solutions; Wave equation; Existence

* Partially supported by NSFC Grants (nos. 11671071 and 11322105), and 973 Program (nos. 2012CB821200 and
2013CB834102).
* Correspondence to: School of Mathematics and Statistics, and Center for Mathematics and Interdisciplinary Sciences,
Northeast Normal University, Changchun 130024, PR China.
E-mail address: jishuguan @hotmail.com.

https://doi.org/10.1016/j.jde.2018.02.001
0022-0396/© 2018 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2018.02.001
http://www.elsevier.com/locate/jde
mailto:jishuguan@hotmail.com
https://doi.org/10.1016/j.jde.2018.02.001
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2018.02.001&domain=pdf

5528 S. Ji/ J. Differential Equations 264 (2018) 5527-5540

1. Introduction

The present work is devoted to the study of the existence of periodic solutions for the nonlinear
wave equation

u(x)yrr — (x)y)x +u(x)g(y) = f(x,1), xe€(,1), reR, (L.

with the Sturm-Liouville boundary conditions

a1y(0,1) + b1yx(0,1) =0, axy(1,t) + b2y, (1,£) =0, t€R, (1.2)

and the periodic conditions

yx,t+T)=y(x,t), yw(x,t+T)=y(x,1), x€(,1), t eR, (1.3)

where u € H2(0, 1) satisfies u(x) > a > 0 for all x € [0, 1] and some positive constant a, g is
a continuous, monotone (nondecreasing or nonincreasing) and bounded function, f is a given
T -periodic function in ¢, and al.z + bi2 #0fori=1, 2.

It is obvious that (1.1) corresponds to the classical wave equation if the coefficient u(x) = C
(a nonzero constant). The problem of finding periodic solutions to the constant coefficient wave
equation has been extensively studied since the 1960s (see [1,2,7,8,10—14,16,18-21,26,35-37]).
The first real breakthrough on this problem was due to Rabinowitz [35], where he rephrased
the problem as a variational problem and obtained the existence of periodic solutions under the
monotonicity assumption on the nonlinearity. Subsequently, many authors, such as Bahri, Brézis,
Coron, Nirenberg etc., have used and developed Rabinowitz’s variational methods to obtain re-
lated results, see [2,10—13]. In these works, the period T is required to be a rational multiple of
the length of the spatial interval. The case in which T is some irrational multiple of the length of
the spatial interval has also been investigated by Feckan [22] and McKenna [33], where the fre-
quencies are essentially the numbers whose continued fraction expansion is bounded (see [39]).
At the end of the 1980s, a quite different approach which used the Kolmogorov—Arnold—-Moser
(KAM) theory was developed from the viewpoint of infinite dimensional dynamical systems by
Kuksin [31] and Wayne [40]. This method allows one to obtain solutions whose periods are
irrational multiples of the length of the spatial interval, and it also easily extends to construct
quasi-periodic solutions, see [9,17,32,34,42]. However, unlike the variational techniques, it is
local and restricted to equations with weak nonlinearity, or equivalently, to solutions of small
amplitude. Later, in the original work of Craig and Wayne [20], the existence of periodic solu-
tions for the one dimensional conservative nonlinear wave equation was also proved by using the
Lyapunov—Schmidt method and Newton iterations.

On the other hand, if u is a function of x, then (1.1) is called the variable coefficient wave
equation. Such a model arises from the forced vibrations of a nonhomogeneous string and the
propagation of seismic waves in nonisotropic media (see [3-6,15,24,25,27-30,38]). More pre-
cisely, the vertical displacement y(z, #) at depth z and time ¢ of a plane seismic waves is described
by the equation

P @)y — ((2)yz); =0,

where p is the rock density and p is the elasticity coefficient. By the change of variable
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