
JID:YJDEQ AID:9160 /FLA [m1+; v1.276; Prn:5/01/2018; 10:55] P.1 (1-28)

Available online at www.sciencedirect.com

ScienceDirect

J. Differential Equations ••• (••••) •••–•••
www.elsevier.com/locate/jde

Uniqueness of solutions for Keller–Segel system 

of porous medium type coupled to fluid equations

Hantaek Bae a,∗, Kyungkeun Kang b, Seick Kim b

a Department of Mathematical Sciences, Ulsan National Institute of Science and Technology (UNIST),
Republic of Korea

b Department of Mathematics, Yonsei University, Seoul, Republic of Korea

Received 28 August 2017; revised 23 December 2017

Abstract

We prove the uniqueness of Hölder continuous weak solutions via duality argument and vanishing vis-
cosity method for the Keller–Segel system of porous medium type equations coupled to the Stokes system 
in dimensions three. An important step is the estimate of the Green function of parabolic equations with 
lower order terms of variable coefficients, which seems to be of independent interest.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider a mathematical model of the dynamics of swimming bacteria Bacil-
lus subtilis in [17], where the movement of bacteria is formulated as a form of porous medium 
equation. More precisely, we are concerned with the following model

∂tη + v · ∇η − �η1+α + ∇ · (χ(c)ηq∇c
)= 0 in R

3
T , (1.1a)
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∂t c + v · ∇c − �c + κ(c)η = 0 in R
3
T , (1.1b)

∂tv − �v + ∇p + η∇φ = 0 in R
3
T , (1.1c)

∇ · v = 0 in R
3
T , (1.1d)

η(0, x) = η0(x), c(0, x) = c0(x), v(0, x) = v0(x) in R
3, (1.1e)

where α > 0 and q ≥ 1 are given constants, and R3
T = (0, T ) ×R

3. Here η, c, v, and p indicate 
biological cell density, the oxygen concentration, the fluid velocity, and the pressure, respec-
tively. The nonnegative functions k(c) and χ(c) denote the oxygen consumption rate and the 
chemotactic sensitivity, which are assumed to be locally bounded functions of c. Furthermore, 
the function φ is a time-independent potential function which indicates, for example, the gravita-
tional force or centrifugal force. The system was proposed by Tuval et al. in [17] (see also [4]) for 
the case that α = 0, q = 1 and fluid equations are the Navier–Stokes system (see e.g. [1–3,18,19]
for related mathematical results).

Very recently, in [6, Theorem 1.8–Theorem 1.10], the existence of weak solutions and Hölder 
continuous weak solutions are proved under certain assumptions on (α, q, χ, κ) (compare to [7,
10,16,20]). It is, however, unknown whether or not such solutions are unique. Our main motiva-
tion is to show the uniqueness of the Hölder continuous weak solutions of (1.1), for which we 
take the following simplified model by taking χ = 1, κ(c) = c and q = 1, since the system (1.1)
is highly nonlinear and general χ , κ and q > 1 seem to be beyond our analysis (see Remark 2). 
So, we consider the following system of equations

∂tη + v · ∇η − �η1+α + ∇ · (η∇c) = 0 in R
3
T , (1.2a)

∂t c + v · ∇c − �c + cη = 0 in R
3
T , (1.2b)

∂tv − �v + ∇p + η∇φ = 0 in R
3
T , (1.2c)

∇ · v = 0 in R
3
T , (1.2d)

η(0, x) = η0(x), c(0, x) = c0(x), v(0, x) = v0(x) in R
3. (1.2e)

Since the system (1.2) satisfies the assumptions in [6, Theorem 1.10], it is straightforward that 
there exist Hölder continuous weak solutions when α > 1

8 and initial data are sufficiently regular. 
In this case, we can show that such solutions become unique. Our main result reads as follows:

Theorem 1.1. Let α > 1
8 and (η0, c0, v0) satisfy

η0(1 + |x| + | lnη0|) ∈ L1(R3), η0 ∈ L∞(R3),

c0 ∈ L∞(R3) ∩ H 1(R3) ∩ W 1,m(R3), v0 ∈ L2(R3) ∩ W 1,m(R3) for any m < ∞.

Then, Hölder continuous weak solutions of the system (1.2) are unique.

We note that there are some known results regarding uniqueness of Hölder continuous weak 
solutions of Keller–Segel equations of the porous medium type (see [12,14]).
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