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Abstract

We prove the uniqueness of Holder continuous weak solutions via duality argument and vanishing vis-
cosity method for the Keller—Segel system of porous medium type equations coupled to the Stokes system
in dimensions three. An important step is the estimate of the Green function of parabolic equations with
lower order terms of variable coefficients, which seems to be of independent interest.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider a mathematical model of the dynamics of swimming bacteria Bacil-
lus subtilis in [17], where the movement of bacteria is formulated as a form of porous medium
equation. More precisely, we are concerned with the following model

dn+v-Vn—An"t* 4+ V. (x(©n?Ve)=0 inRj, (1.1a)
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dc4v-Ve—Ac+x(@n=0 inR3, (1.1b)
dv—Av+Vp+nVp=0 inR3, (1.1¢)
V-v=0 inR}, (1.1d)
1(0,x) = no(x), c(0,x)=co(x), v(0,x)=vo(x) inR?, (1.1e)

where o > 0 and ¢ > 1 are given constants, and R3 = 0,T) x R3. Here n, ¢, v, and p indicate
biological cell density, the oxygen concentration, the fluid velocity, and the pressure, respec-
tively. The nonnegative functions k(c) and yx(c) denote the oxygen consumption rate and the
chemotactic sensitivity, which are assumed to be locally bounded functions of c¢. Furthermore,
the function ¢ is a time-independent potential function which indicates, for example, the gravita-
tional force or centrifugal force. The system was proposed by Tuval et al. in [17] (see also [4]) for
the case that @ = 0, ¢ = 1 and fluid equations are the Navier—Stokes system (see e.g. [1-3,18,19]
for related mathematical results).

Very recently, in [6, Theorem 1.8-Theorem 1.10], the existence of weak solutions and Holder
continuous weak solutions are proved under certain assumptions on (e, g, X, k) (compare to [7,
10,16,20]). It is, however, unknown whether or not such solutions are unique. Our main motiva-
tion is to show the uniqueness of the Holder continuous weak solutions of (1.1), for which we
take the following simplified model by taking x = 1, k(c¢) = c and g = 1, since the system (1.1)
is highly nonlinear and general yx, « and g > 1 seem to be beyond our analysis (see Remark 2).
So, we consider the following system of equations

dn+v-Vp—An'T" V. (Ve) =0 in R, (1.2a)
dc+v-Ve—Ac+en=0 inR3, (1.2b)
dv—Av+Vp+nVe=0 inR3, (1.2¢)

V.v=0 inR}, (1.2d)

1n(0, x) =no(x), ¢(0,x)=co(x), v(0,x)=1vp(x) in R3. (1.2e)

Since the system (1.2) satisfies the assumptions in [6, Theorem 1.10], it is straightforward that
there exist Holder continuous weak solutions when o > % and initial data are sufficiently regular.
In this case, we can show that such solutions become unique. Our main result reads as follows:

Theorem 1.1. Let o > % and (no, co, Vo) satisfy

no(1+ |x| + [Innol) € L'®R?), no € L¥(R?),
co€ L°®RHNH'®RHNWH™RY), voe L2ZRH N W R for any m < .

Then, Holder continuous weak solutions of the system (1.2) are unique.

We note that there are some known results regarding uniqueness of Holder continuous weak
solutions of Keller—Segel equations of the porous medium type (see [12,14]).
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