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Abstract

This paper is concerned with the nonlinear viscoelastic equation

|∂tu|ρ∂tt u − �∂ttu − �u +
∞∫

0

μ(s)�u(t − s)ds + f (u) = h,

suitable to modeling extensional vibrations of thin rods with nonlinear material density �(∂t u) = |∂tu|ρ , 
and presence of memory effects. This class of equations was studied by many authors, but well-posedness 
in the whole admissible range ρ ∈ [0, 4] and for f growing up to the critical exponent were established 
only recently. The existence of global attractors was proved in presence of an additional viscous or fric-
tional damping. In the present work we show that the sole weak dissipation given by the memory term is 
enough to ensure existence and optimal regularity of the global attractor Aρ for ρ < 4 and critical nonlin-
earity f .
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1. Introduction

In the recent literature the nonlinear equation

|∂tu|ρ∂ttu − �∂ttu − γ�∂tu − �u +
t∫

0

μ(t − s)�u(s)ds +F = 0 in � ×R
+, (1.1)

has been considered by many authors. The problem is usually set in a bounded domain � of RN

with

0 < ρ ≤ 2

N − 2
if N ≥ 3 and ρ > 0 if N = 1,2, (1.2)

where γ ≥ 0 accounts for the structural mechanical damping, μ is a nonnegative nonincreasing 
function describing memory effects in the material, and F represents forcing terms. Its motiva-
tion comes from the prototype equation

�∂ttu − �∂ttu − �u = 0, (1.3)

which models several applications, among them, extensional vibrations of thin roads [19, 
Chap. 20] and ion-sound waves [3, Sec. 6]. However, as observed in [6], in certain cases the 
material density may depend on small variations of the velocity, that is, � = �(∂tu). Then a 
natural assumption would be

�(∂tu) = 1 + ε |∂tu|ρ, ρ > 0,

where ε ∈ R is a small parameter. By simplicity, without loss of mathematical complexity, we 
shall assume �(∂tu) = |∂tu|ρ , ρ > 0. From this understanding, we obtain equation (1.1) by 
adding memory effects and damping to the model (1.3).

Equation (1.1) was firstly studied in [5] with F = 0, where the existence of global solutions is 
proved; besides, in the case γ > 0, which corresponds to the strongly damped problem, the decay 
of the energy as t → ∞ is established. Later, many authors have contributed to this problem in 
several directions, cf. [6,15–18,20–23,25,32], always assuming condition (1.2).

On the other hand, the uniqueness of solutions to this class of problem was not considered 
until the recent paper [1], in the more general context with infinite delay

|∂tu|ρ∂ttu − �∂ttu − γ�∂tu − �u +
∞∫

0

μ(s)�u(t − s)ds + f (u) = h, (1.4)

complemented by the Dirichlet boundary condition

u(x, t)|x∈∂� = 0. (1.5)
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