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Abstract

In this paper we study the behaviors of the energy of solutions of the wave equations with localized 
nonlinear damping in exterior domains.
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1. Introduction and statement of the results

Let O be a compact domain of Rd (d ≥ 1) with C∞ boundary � and � = R
d\O . Consider 

the following wave equation with localized nonlinear damping

⎧⎪⎨
⎪⎩

∂2
t u − �u + a (x) |∂tu|r−1 ∂tu = 0 in R+ × �,

u = 0 on R+ × �,

u (0, x) = u0 and ∂tu (0, x) = u1,

(1.1)
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here � denotes the Laplace operator in the space variables. a (x) is a nonnegative function in 
L∞ (�). Throughout this paper we assume that 1 < r ≤ 1 + 2

d
. Below r0 > 0 is a fixed constant 

such that O ⊂ Bro = {x ∈R
d ; |x| < r0}.

The existence and uniqueness of global solutions to the problem (1.1) is standard (see [16]). 
If (u0, u1) is in H 1

0 (�) ∩ H 2 (�) × H 1
0 (�), then the system (1.1), admits a unique solution u in 

the class

u ∈ C0
(
R+,H 1

0 (�)
)

∩ C1
(
R+,L2(�)

)
and ∂tu ∈ L∞ (

R+,H 1
0 (�)

)
∩ W 1,∞(

R+,L2 (�)
)
.

Let us consider the energy at instant t defined by

Eu (t) = 1

2

∫
�

(
|∇u (t, x)|2 + |∂tu (t, x)|2

)
dx.

The energy functional satisfies the following identity

Eu (T ) +
T∫

0

∫
�

a (x) |∂tu|r+1 dxdt = Eu (0) , (1.2)

for every T ≥ 0. Moreover, we have

‖∇∂tu‖2
L∞(

R+,L2(�)
) +

∥∥∥∂2
t u

∥∥∥2

L∞(
R+,L2(�)

)
≤ 2 (1 + ‖a‖L∞)

(
‖u0‖2

H 2 + ‖u1‖2
H 1 + ‖u1‖2r

H 1

)
.

(1.3)

The study of the behaviors of the energy decay of solutions of the damped wave equation has 
a very long history. First we give a summary of results on the asymptotic behavior of the energy 
of solutions of the nonlinear system (1.1) in the free space Rd and for a globally distributed 
damping. For the Klein–Gordon equation with localized nonlinear damping, under the Lion’s 
condition a polynomial decay rate is derived by Nakao [19] for compactly supported initial data 
and he show in this case that

Eu (t) ≤ C (1 + t)−γ , if 1 < r < 1 + 2

d
, (1.4)

where γ = 2+d−dr
r−1 and

Eu (t) ≤ C (ln (2 + t))−d , if r = 1 + 2

d
. (1.5)

Mochizuki and Motai [17] give a decay rate estimate for weighted initial data. More precisely,
they show that if 1 < r < 1 + 2

d
, the energy decays according to

Eu (t) ≤ C (1 + t)−γ , where 0 < γ <
2 + d − dr

r − 1
and γ ≤ 1. (1.6)



Download English Version:

https://daneshyari.com/en/article/8898873

Download Persian Version:

https://daneshyari.com/article/8898873

Daneshyari.com

https://daneshyari.com/en/article/8898873
https://daneshyari.com/article/8898873
https://daneshyari.com

