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Abstract

For fractional Navier–Stokes equations and critical initial spaces X, one used to establish the well-
posedness in the solution space which is contained in C(R+, X). In this paper, for heat flow, we apply 
parameter Meyer wavelets to introduce Y spaces Ym,β where Ym,β is not contained in C(R+, Ḃ1−2β,∞∞ ). 
Consequently, for 1

2 < β < 1, we establish the global well-posedness of fractional Navier–Stokes equa-
tions with small initial data in all the critical oscillation spaces. The critical oscillation spaces may be 
any Besov–Morrey spaces 

(
Ḃ

γ1,γ2
p,q (Rn)

)n or any Triebel–Lizorkin–Morrey spaces 
(
Ḟ

γ1,γ2
p,q (Rn)

)n where 
1 ≤ p, q ≤ ∞, 0 ≤ γ2 ≤ n

p , γ1 −γ2 = 1 − 2β. These critical spaces include many known spaces. For exam-
ple, Besov spaces, Sobolev spaces, Bloch spaces, Q-spaces, Morrey spaces and Triebel–Lizorkin spaces etc.
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1. Introduction

For β > 1/2, the Cauchy problem of the so-called Fractional Navier–Stokes (FNS) equations 
on the half-space R1+n+ = (0, ∞) ×Rn, n ≥ 2, is defined as:

⎧⎨⎩
∂u
∂t

+ (−�)βu + u · ∇u − ∇p = 0, in R
1+n+ ;

∇ · u = 0, in R
1+n+ ;

u|t=0 = a, in Rn,

(1.1)

where (−�)β represents the β-order Laplace operator defined by the Fourier transform in the 
space variable:

̂(−�)βu(t, ξ) = |ξ |2βû(t, ξ).

Upon letting Rj , j = 1, 2, · · ·n be the Riesz transforms, writing

⎧⎪⎪⎨⎪⎪⎩
P = {δl,l′ + RlRl′ }, l, l′ = 1, · · · , n;
P∇(u ⊗ u) = ∑

l

∂
∂xl

(ulu) − ∑
l

∑
l′

RlRl′∇(ulul′);
̂e−t (−�)β f (ξ) = e−t |ξ |2β

f̂ (ξ),

(1.2)

and using ∇ · u = 0, we can see that solutions of the above Cauchy problem are then obtained 
via the integral equation:
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