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Abstract

In this paper we focus our attention on the following nonlinear fractional Schrödinger equation with 
magnetic field

ε2s (−�)sA/εu+ V (x)u= f (|u|2)u in R
N,

where ε > 0 is a parameter, s ∈ (0, 1), N ≥ 3, (−�)s
A

is the fractional magnetic Laplacian, V : RN → R

and A : RN → RN are continuous potentials and f : RN → R is a subcritical nonlinearity. By applying 
variational methods and Ljusternick–Schnirelmann theory, we prove existence and multiplicity of solutions 
for ε small.
© 2017 Elsevier Inc. All rights reserved.
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1. introduction

In this paper we consider the following fractional nonlinear Schrödinger equation

ε2s(−�)sA/εu+ V (x)u= f (|u|2)u in R
N (1.1)

where ε > 0 is a parameter, s ∈ (0, 1), N ≥ 3, V ∈C(RN, R) and A ∈C0,α(RN, RN), α ∈ (0, 1], 
are the electric and magnetic potentials respectively, u ∈ R

N → C, f : R → R. The fractional 
magnetic Laplacian is defined by

(−�)sAu(x) := cN,s lim
r→0

ˆ

Bc
r (x)

u(x)− eı(x−y)·A( x+y
2 )u(y)

|x − y|N+2s dy, cN,s := 4s�
(
N+2s

2

)
πN/2|�(−s)| . (1.2)

This nonlocal operator has been defined in [16] as a fractional extension (for an arbitrary s ∈
(0, 1)) of the magnetic pseudorelativistic operator, or Weyl pseudodifferential operator defined 
with mid-point prescription,

HAu(x)= 1

(2π)3

ˆ

R6

eı(x−y)·ξ
√∣∣∣ξ −A

(x + y

2

)∣∣∣2u(y)dydξ
= 1

(2π)3

ˆ

R6

e
ı(x−y)·

(
ξ+A

( x+y
2
))√

|ξ |2u(y)dydξ,

introduced in [28] by Ichinose and Tamura, through oscillatory integrals, as a fractional relativis-
tic generalization of the magnetic Laplacian (see also [27] and the references therein). Observe 
that for smooth functions u,

HAu(x)= − lim
ε↘0

ˆ

Bc
ε (0)

[
e−ıy·A(x+ y

2
)
u(x + y)− u(x)− 1{|y|<1}(y)y · (∇ − ıA(x))u(x)

]
dμ

= lim
ε↘0

ˆ

Bc
ε (x)

[
u(x)− e

ı(x−y)·A
(
x+y

2

)
u(y)

]
μ(y − x)dy,

where

dμ= μ(y)dy = �
(
N+1

2

)
π

N+1
2 |y|N+1

dy.

For details about the consistency of the definition in (1.2) we refer the reader to [32,34,35,39].
The study of nonlinear fractional Schrödinger equations attracted a great attention, specially 

in the case A = 0 (see [31] and references therein). For instance, Felmer et al. [21] dealt with 
existence, regularity and symmetry of positive solutions when V is constant, and f is a super-
linear function with subcritical growth; see also [3,4,6,18] and [15] for the nonlocal Choquard 
equation. Secchi [37] obtained the existence of ground state solutions under the assumptions that 
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